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Abstract. We study the behavior of Pinp2q-monopole Floer homology under connected
sums. After constructing a (partially defined) A8-module structure on the Pinp2q-monopole
Floer chain complex of a three manifold (in the spirit of Baldwin and Bloom’s monopole
category), we identify up to quasi-isomorphism the Floer chain complex of a connected
sum with a version of the A8-tensor product of the modules of the summands. There
is an associated Eilenberg-Moore spectral sequence converging to the Floer groups of the
connected sum whose E2 page is the Tor of the Floer groups of the summands. We discuss
in detail a simple example, and use this computation to show that the Pinp2q-monopole Floer
homology of S3 has non trivial Massey products.
In [Lin15a] we introduced a set of gauge theoretic invariants of three manifolds named
Pinp2q-monopole Floer homology. To each closed connected oriented three manifold Y we
associate in a functorial way three groups fitting in a long exact sequence
(1) ¨ ¨ ¨ i˚ÝÑ
x
HS ‚pY q j˚ÝÑ xHS ‚pY q p˚ÝÑ HS ‚pY q i˚ÝÑ . . .
which are read respectively H-S-to, H-S-from and H-S-bar. These are also (relatively) graded
topological modules over the ring
R “ FrrV ssrQs{pQ3q
where V and Q have degree respectively ´4 and ´1 and F is the field with two elements. The
construction is the analogue of Manolescu’s recent Pinp2q-equivariant Seiberg-Witten Floer
homology ([Man13b]) in the context of Kronheimer and Mrowka’s monopole Floer homology
([KM07]), see [Lin16] for a more detailed introduction. Unlike Manolescu’s approach, which
is only effective for rational homology spheres, this definition works for every three manifold
(cfr. the recent work [KLS16] for a general construction of a version of the Seiberg-Witten
spectrum).
Manolescu introduced his new invariants in order to disprove the longstanding Triangu-
lation conjecture. He defined numerical invariants α, β and γ of homology spheres to show
that in the homology cobordism group ΘH3 there are no elements of order two with Rokhlin
invariant one. This is equivalent to the Triangulation conjecture being false by classic work
of Galewski-Stern and Matumoto. We refer the reader to [Man13a] for a nice survey of the
problem.
On the other hand not much more is known about the structure of ΘH3 . It has been shown
in [Fur90] that it is not finitely generated but it is not known whether it has any torsion or it
splits a Z8 summand. An interesting goal is to see whether Pinp2q-monopole Floer homology
can be used to say something more precise about the structure of ΘH3 . The first goal is then
to understand its behavior under connected sum, and this is the problem addressed in the
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present work.
When compared to the case of monopole Floer homology, the results are much more in-
volved. First of all, we define higher operations satisfying the A8-relations to enhance the
classic module structure. These algebraic structures appear naturally in the Heegaard Floer
counterpart of the theory (see [LOT14]), and more in general when studying symplectic ge-
ometry (see for example [Sei08]). An analogous result for usual monopole Floer homology
follows from the work in preparation of Baldwin and Bloom [BB], which actually provides a
more refined version at an A8-categorical level. Our higher compositions should be thought
as the higher compositions of morphisms in their monopole category.
Consider the from Floer chain complex Cˆ‚pY, sq associated to a self-conjugate spinc struc-
ture s. This comes with a natural chain involution , and we denote by Cˆ‚pY, sq the invariant
subcomplex. The homology of this subcomplex is the Floer homology group xHS ‚pY, sq. In
our setting, the higher compositions arise when studying special families of metrics and per-
turbations on cobordisms. Recall that the module structurexHS ‚pY q bRÑ xHS ‚pY q
is induced by a chain map
m2 : Cˆ
‚pY, 2q Ñ Cˆ‚pY q
which is obtained by counting monopoles on the cobordism I ˆ Y with a ball removed (after
attaching cylindrical ends). Here
Cˆ‚pY, 2q Ă Cˆ‚pY q b Cˆ‚pS3q
is a subcomplex such that the inclusion is a quasi-isomorphism. The motivation is that we
are working in a Morse-Bott setting so we need to consider chains which are transverse to
the moduli spaces. While the map induced in homology is well defined, the map m2 depends
upon many choices including the ball we are removing, the metric and the perturbation. On
the other hand any two such choices are chain homotopic. Analogously the ring multiplication
RbRÑ R
is induced by a chain map
µ2 : Cˆ
‚pS3, 2q Ñ Cˆ‚pS3q
obtained by taking Y to be S3 in the construction above.
We are ready to state our first result. Intuitively speaking, our theorem says that the chain
complex Cˆ‚pS3q has the structure of an A8-algebra and Cˆ‚pY q is an A8-module over it. This
is slightly imprecise because the various compositions are only defined on a subcomplex, but
this heuristic will never be harmful in the present work. We refer the reader unfamiliar with
the basic notions of A8-algebra to Section 1 for a very quick introduction to the subject. For
the sake of clarity we state the theorem in a slightly imprecise way, and we refer to Section 4
for the admissibility conditions on metrics and perturbations we assume.
Theorem 1. Suppose we have chosen perturbations so that the maps m2 and µ2 above are
defined. Let µ1 and m1 denote the differentials. There are suitable choices of data D (in-
cluding a sequence of families of metrics and perturbations) so that for i ě 3 there are higher
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compositions
mi : Cˆ
‚pS3, iq Ñ Cˆ‚pS3q
µi : Cˆ
‚pY, iq Ñ Cˆ‚pS3q
defined on subcomplexes
Cˆ‚pS3, iq Ă Cˆ‚pY qbi
Cˆ‚pY, iq Ă Cˆ‚pY q b Cˆ‚pS3qbpi´1q
such that the inclusions are quasi-isomorphisms. The higher compositions respect the A8-
relations for A8-modules over and A8-algebra (see Section 1 for the exact formulas), and
they are independent of the choice of data D, see Theorem 6 for the precise statement. The
same result holds for the from and bar flavors, and the chain maps i, j and p inducing the
long exact sequence relating them can also be enhanced to higher morphisms tinu, tjnu and
tpnu, satisfying the A8-relations for morphisms.
Finally, a suitably decorated cobordism W between Y0 and Y1 induces an A8-module ho-
momorphism between Cˆ‚pY0q and Cˆ‚pY1q.
With this additional structure in hand, after making the suitable choices we can define the
chain complex
(2) Cˆ‚pY0, s0q
´
Cˆ‚pY1, s1q
¯opp
which is (after taking care of the transversality issues as above) a version of the A8-tensor
product of the twoA8-modules. Here
´
Cˆ‚pY1, s1q
¯opp
denote the opposite module of Cˆ‚pY1, s1q,
which is the left A8-module with higher operations defined by reversing the given ones, i.e.
(3) moppn prn´1, ¨ ¨ ¨ , r1,xq “ mnpx, r1, ¨ ¨ ¨ , rn´1q.
The main result of the present paper is the following.
Theorem 2. Given three manifolds Y0 and Y1 equipped with self conjugate spin
c structures
s0 and s1, there is a quasi-isomorphism
Φ : Cˆ‚pY0, s0q Cˆ‚pY1, s1q Ñ Cˆ‚pY0#Y1, s0#s1qx´1y
where the angle brackets indicate the absolute grading shift. This quasi-isomorphism depends
on many choices but any two of them give rise to homotopic maps. Furthermore there is a
natural R-action on the homology of the right hand side and the isomorphism induces Φ is
an isomorphism of R-modules.
The module structure is obtained by defining (with the caveats as above) on Cˆ‚pY q an
A8-bimodule structure over Cˆ‚pS3q, so that the chain complex 2 is actually an A8-module
itself.
By considering a natural filtration associated to this tensor product we prove the existence
of the following Eilenberg-Moore spectral sequence.
Corollary 1. Given three manifolds Y0, Y1 equipped with self conjugate spin
c structures s0, s1
there is a forth quadrant spectral sequence whose E2 page is
E2˚,˚ – TorR˚,˚
´xHS ‚pY0, s0q, xHS ‚pY1, s1q¯
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converging to xHS ‚pY0#Y1, s0#s1qx´1y.
As for the usual Eilenberg-Moore spectral sequence, the Tor is taken in the category of
graded modules, see Section 1 for a quick review. The intuition behind this last result
comes from the Seiberg-Witten homotopy type for rational homology spheres constructed
by Manolescu ([Man13b]). Roughly speaking, he associates to each pair pYi, siq a Pinp2q-
equivariant stable pointed homotopy type SWFpYi, siq whose Pinp2q-equivariant homology is
(conjecturally) the Pinp2q-monopole Floer homology of the pair. In his approach there is an
identification between the homotopy type of the connected sum and the smash products of
the homotopy types of the two summands
SWFpY0#Y1, s0#s1q – SWFpY0, s0q ^ SWFpY1, s1q.
This more topological approach has been exploited in [Sto15] to provide many interesting
computations for Seifert fibered spaces. The spectral sequence described in Corollary 1 is
then the Eilenberg-Moore spectral sequence computing the Pinp2q-equivariant homology of
the smash product of two spaces from the Pinp2q-equivariant homology of the factors. We
refer the reader to [McC01] for an introduction to the classical Eilenberg-Moore spectral
sequence in algebraic topology.
The analogous result is true in the case of usual monopole Floer homology (by just replacing
the invariant Floer complexes with the total ones). In this case the Tor is taken over FrrU ss.
In particular the spectral sequence is much simpler because the ring is a PID, and in fact
it collapses at the E2 page. In this sense we recover the connect sum formula for Heegaard
Floer homology proved in [OS04] and the one for monopole Floer homology discussed in the
unpublished work [BMO]. Our proof is in fact an elaboration of the proof in that work, which
we briefly sketch in Section 2. It is functorial in nature, and relies on the surgery exact triangle
(see [KMOS07] and [Lin15b]). The key idea is that there is a natural cobordism X# from
Y0
š
Y1 to Y0#Y1 given by a single one handle attachment, and the isomorphism in Theorem
2 is given by studying the Seiberg-Witten equations on such a cobordism (and the cobordisms
obtained by removing balls from it). In the whole discussion we use the from version of Floer
homology because it is the one which is well behaved with respect to cobordisms with multiple
incoming ends. Indeed work of [Blo13], this cobordism X# induces a mapxHS ‚pX#q : xHS ‚pY0, s0q b xHS ‚pY1, s1q Ñ xHS ‚pY0#Y1, s0#s1q
while the corresponding statement for the to version is false. In fact we can say something
more about the image of this map.
Corollary 2. The image of the map xHS ‚pX#q in xHS ‚pY0#Y1, s0#s1q corresponds to the sumà
pPZ
E8p,0
in the limit of the spectral sequence in Theorem 2. In particular the Manolescu correction
terms α, β, γ of homology spheres Y0, Y1 satisfy the following inequalities
αpY0q ` αpY1q ěαpY0#Y1q ě max pαpY0q ` γpY1q, βpY0q ` βpY1qq
αpY0q ` βpY1q ěβpY0#Y1q ě βpY0q ` γpY1q
min pαpY0q ` γpY1q, βpY0q ` βpY1qq ěγpY0#Y1q ě γpY0q ` γpY1q.
The last statement is also proved in [Sto15] in the Seiberg-Witten Floer homology setting.
Unfortunately the E2 page of the spectral sequence in Theorem 2 is generally very compli-
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cated. For example Tor˚,˚pF,Fq is non trivial in infinitely many bidegrees. Here we consider
F with the trivial R-module structure. Nevertheless the spectral sequence can be used in
combination with other observations (as the Gysin exact sequence, see [Lin15b]) to compute
the Pinp2q-monopole Floer homology groups in some simple cases, e.g. the connected sum of
two copies of Σp2, 3, 11q. These computations can be used to show the following.
Theorem 3. [See also [Man13a]] No non-trivial linear combination of Manolescu’s correction
terms α, β, γ defines a homomorphism on the homology cobordism group ΘH3 .
Remark 1. As a curiosity, the relation
λpY q “ χpHS ‚pY qq ´ αpY q ` βpY q ´ γpY q
holds, where λ is the Casson invariant and HS‚pY q is the reduced Floer group (i.e. the kernel
of j˚). Recall that the latter is finite dimensional and admits an absolute Z{2Z grading. In
particular, the right hand side is additive. This follows from the analogous statement
λpY q “ χpHM ‚pY qq ´ dpY q{2
showed in [OS03] (whose proof works verbatim in the monopole case), and the Gysin exact
sequence.
The higher compositions have a manifestation at the homological level in terms of Massey
products. In Section 6 we discuss how to interpret higher differentials in the Eilenberg-Moore
spectral sequence in terms of these Massey products. This relation has been exploited in
more classical problems in algebraic topology, see for example [McC01]. A byproduct of our
computation is that there are non-vanishing higher differentials in the spectral sequence for
the connected sum of two copies of Σp2, 3, 11q. This also implies the following.
Corollary 3. xHS ‚pS3q has nontrivial Massey products.
Plan of the paper. In Section 1 we provide a quick review of the homological algebra
involved in the results, namely A8-tensor products and the graded Tor functors. In Section
2 we review the functorial framework in which the classical connected sum formula is proved.
In Section 3 we discuss a general transversality result for moduli spaces parametrized by
manifolds with corners. In Section 4 we construct the A8-module structure on the Pinp2q-
monopole Floer chain complex. Building on this, in Section 5 we prove the connect sum
formula in Theorem 2. In Section 6 we discuss the relation between higher differentials, the
module structure and the Massey products, and in finally in Section 7 we exhibit some explicit
computations.
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1. A quick review of homological algebra
In this section we briefly review the homological algebra that could be unfamiliar to people
working in Floer homology for three-manifolds. We discuss the definition of the graded Tor
functor that appears in the statement of Corollary 1, and the basic notions regarding A8-
algebra and modules. Regarding the latter, as pointed out in our setting the setup will be
slightly more complicated because the constructions will be performed in a geometric fashion,
and we will have to deal with transversality issues. On the other hand the homological algebra
discussed in the second part of this section motivates our geometric constructions, and the
actual formulas will be indeed the same. We will always suppose that our ground ring is F, the
field with two elements. This will allow us to forget about sign conventions and flatness issues.
1.1. The graded Tor functor. The graded Tor is the object that arises as the E2-page of
the Eilenberg-Moore spectral sequence. Our treatment will follow Chapter 7 of [McC01], with
less details. Consider a graded algebra R over F, and let M and N be respectively a right
and left graded module over R. We suppose that M and N are graded by a coset of Z in
Q. From this data we can form the bigraded R-module TorR˚,˚pM,Nq (where the action of R
affects the second grading accordingly) defined as follows. Take a projective resolution of N
0
ÐÝ N δÐÝ P 0 δÐÝ P 1 δÐÝ ¨ ¨ ¨ δÐÝ Pn´1 δÐÝ Pn δÐÝ ¨ ¨ ¨
where the Pn are projective graded modules over R and the maps δ are grading preserving.
In particular for each j we get an exact sequence of F-vector spaces by considering the
homogenous components of degree j:
0
ÐÝ N j δÐÝ pP 0qj δÐÝ pP 1qj δÐÝ ¨ ¨ ¨ δÐÝ pPn´1qj δÐÝ pPnqj δÐÝ ¨ ¨ ¨
Consider the complex pP ‚, δq given by
P 0
δÐÝ P 1 δÐÝ ¨ ¨ ¨ δÐÝ Pn´1 δÐÝ Pn δÐÝ ¨ ¨ ¨
which has homology HpP ‚, δq isomorphic to N . We can form the graded differential module
ptotalpP ‚q, δq setting
totalpP ‚qj “ à
m`n“j
pPmqn
which is a differential graded module over R. Here the action of Ri sends pPmqn to pPmqn`i.
For the right R-module we can then define the Tor group as
TorRpM,Nq “ HpM bR totalpP ‚q, δq
This R-module is well defined, meaning that up to isomorphism it is independent of the
choice of the proper projective resolution of N . It can also be computed by tensoring a
graded projective resolutions of M with N , or by tensoring two graded projective resolutions.
The key point is that TorRpM,Nq is a bigraded object, where the elements coming from
MmbΓ pP´iqn have bidegree p´i,m` nq. The first degree is the homological degree and the
second one is the internal degree.
Example 1. Consider the R-module M given by the three towers
FrrV ssx´2y ‘ FrrV ssx´3y ‘ FrrV ss
PINp2q-MONOPOLE FLOER HOMOLOGY, HIGHER COMPOSITIONS AND CONNECTED SUMS 7
where the action of Q (which has degree ´1) is an injection from the first tower to the second
and from the second tower to the third. We then define the R-modules
P2n “ Rx´3ny ‘Rx´3n´ 2y
P2n`1 “ Rx´3n´ 1y ‘Rx´3n´ 4y.
Define for each n ě 0 the maps
δ2n : P2n Ñ P2n´1
p1, 0q ÞÑ pQ2, 0q
p0, 1q ÞÑ pV,Qq
and
δ2n`1 : P2n`1 Ñ P2n
p1, 0q ÞÑ pQ, 0q
p0, 1q ÞÑ pV,Q2q.
If we consider ε : P0 ÑM obtained by sending p1, 0q to p0, 0, 1q and p1, 0q to p1, 0, 0q then the
sequence
0
ÐÝM δÐÝ P 0 δÐÝ P 1 δÐÝ ¨ ¨ ¨ δÐÝ Pn´1 δÐÝ Pn δÐÝ ¨ ¨ ¨
is a graded projective resolution of the R-module M . This projective resolution has the nice
property of being two periodic: shifting the first degree by two is the same as lowering the
second degree by ´3. Define the R-module N given by
FrrV ssx´4y ‘ FrrV ssx´1y ‘ FrrV ssx´2y
where again the action of Q is an injection from the first tower to the second and from the
second to the third. We then have in particular that
kerd2n – Nx´3ny and kerd2n`1 –Mx´3´ 3ny.
From this projective resolution of M it is easy to also reconstruct a 2-periodic graded projec-
tive resolution of N .
Example 2. Consider the trivial R-module F in degree zero. It is straightorward to construct
a projective resolution of this module from the discussion above. Indeed we can pick P0 to
be R with the map ε : RÑ F sending 1 to the generator of F. The kernel of this map is the
module Nx´1y so we can exploit the construction above. From this we can compute that
TorRi,jpF,Fq – F
in the cases
‚ pi, jq “ p0, 0q;
‚ i “ 2n for n ě 1 and j “ ´3n or ´3n´ 2;
‚ i “ 2n` 1 and j “ ´1´ 3n or ´4´ 3n,
and zero otherwise. When thinking about the total degree, TorR˚,˚pF,Fq has rank two over F
on each degree. The following figure shows the placement of the non trivial summands for
j ď 6.
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F ¨ ¨ ¨ ¨ ¨
¨ F ¨ ¨ ¨ ¨
¨ ¨ ¨ ¨ ¨ ¨
¨ ¨ F ¨ ¨ ¨
¨ F ¨ F ¨ ¨
¨ ¨ F ¨ ¨ ¨
¨ ¨ ¨ ¨ F ¨
¨ ¨ ¨ F ¨ F
¨ ¨ ¨ ¨ F ¨
¨ ¨ ¨ ¨ ¨ ¨
¨ ¨ ¨ ¨ ¨ F
Unfortunately the result is infinite dimensional, which makes computations with the Eilenberg-
Moore spectral sequence very complicated. Nevertheless it is important to notice that the
placement of the non trivial groups allows the spectral sequence to converge to a finite di-
mensional group: the differentials d2, d3, d4 can be non trivial.
There is a nice general way to construct a graded projective resolution of an R-module
called the bar construction. Here we suppose that the ring R is unital and that R0, the
homogeneous components in degree 0, are identified with the ground ring F (as in the case of
R), and we define
R¯ “à
ją0
Rj .
Define
BnpR,Nq “ Rb R¯b ¨ ¨ ¨ b R¯loooooomoooooon
n times
bN,
where the tensor products are taken over F. We can write an element of this module as
rγ0|γ1|¨ ¨ ¨ |γnsa. This is a graded projective module over R. These R-modules can be assem-
bled in a graded projective resolution by introducing the homological differential
δ : BnpR,Nq Ñ Bn´1pR,Nq
given by
δprγ0|γ1|¨ ¨ ¨ |γnsxq “
nÿ
i“1
rγ0|γ1|¨ ¨ ¨ |γi´1 ¨ γi|γi`1|¨ ¨ ¨ |γnsx` rγ0|γ1|¨ ¨ ¨ |γn´1spγn ¨ xq.
One can then check that the complex
0
ÐÝ N δÐÝ B0pR,Nq δÐÝ B1pR,Nq δÐÝ ¨ ¨ ¨ δÐÝ BnpR,Nq δÐÝ ¨ ¨ ¨ ,
where the map ε : Γ bF N Ñ N is given by the module structure, is a graded projective
resolution of the R-module N . We call this the bar resolution of N . We can define
BnpM,R,Nq “M bR BnpR,Nq “M bF R¯bF ¨ ¨ ¨ bF R¯looooooomooooooon
n times
bFN
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with differential 1bR δ. We have then by definition we have that
HptotalpB‚pM,R,Nqq, δq “ TorRpM,Nq.
This description is particularly interesting in our case because a variant of the bar resolution
will arise as the E1-page of the spectral sequence described in Corollary 1, see Lemma 1. The
observation is that under our assumption the bar construction can be performed by replacing
R¯ by R.
Example 3. The groups described in Example 2 can be described when thought as the homol-
ogy of the bar resolution. Denote by x the generator of F. For example the group at p0, 0q is
generated by the class of xrsx. The groups at p1,´1q and p1,´4q are generated respectively
by xrQsx and xrV sx, while those at p2,´3q and p2,´5q by xrQ|Q2sx and xrV |Qsx`xrQ|V sx.
1.2. Basics on A8-algebras and modules. We now provide a quick (and incomplete) dis-
cussion of the basics of A8-structures, mostly in order to fix notation and adapt the discussion
to our case. For a more thorough introduction (including motivations) we refer to [Kel01]
and [Val12]. As above, we will always suppose that our ground ring is F.
An A8-algebra A is a graded vector space A together with maps
µi : A
bi Ñ Ar2´ is
defined for each i ě 1 so that the compatibility conditions
(4)
ÿ
i`j“n`1
n´j`1ÿ
l“1
µipa1, . . . , al´1, µjpal, . . . , al`j´1q, al`j , . . . , anq “ 0
hold for each n ě 1. Here to simplify the notation we denote µnpa1b¨ ¨ ¨banq by µnpa1, . . . , anq.
In particular µ1 is a differential, µ2 is a chain map and µ3 is a chain homotopy between
µ2pµ2 b 1q and µ2p1 b µ2q. This implies that the homology H˚pAq is a graded algebra over
F, where the multiplication is the one induced by µ2.
A right A8-module M over A is a vector space M graded by a coset of Z in Q together
with maps
mi : M bAbi´1 ÑM r2´ is
satisfying the compatibility relations
0 “
ÿ
i`j“n`2
mipmjpx, a1, . . . , aj´1q, aj , . . . , anq(5)
`
ÿÿ
mipx, a1, . . . , µjpal, . . . , al`j´1q, . . . , anq(6)
As above, m1 is a differential, m2 is a chain map and m3 is a chain homotopy between
m2pm2 b 1q and m2p1 b µ2q. The homology H˚pMq is a graded module over HpAq, the
multiplication being induced by m2.
The definition of a left A8-module is analogous. Given a right A8-module M, the opposite
moduleMopp is the leftA8-module obtained by reversing all the operations as in equation (3).
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Even though the higher operations µi are not chain maps for i ě 3, so that they do
not define maps in homology, they have partial incarnations on H˚pAq in terms of Massey
products. In particular suppose we are given cycles a1, a2 and a3 of degrees di so that
ra1s ¨ ra2s “ 0 ra2s ¨ ra3s “ 0.
Let s1 and s2 be chains so that
µ1ps1q “ µ2pa1, a2q µ1ps2q “ µ2pa2, a3q.
We define then the Massey product of ra1s, ra2s and ra3s as the homology class
xra1s, ra2s, ra3sy “ rµ3pa1, a2, a3q ` µ2ps1, a3q ` µ2pa1, s2qs
which is a well defined class in
Hd1`d2`d3´1pAq{pra1s ¨Hd2`d3´1pAq `Hd1`d1´1pAq ¨ ra3sq.
The analogous formulas determine partially defined triple products in the cohomology of a
right A8-module M.
There are of course incarnations of all the compositions mn when all the lower degree
Massey product vanish in a consistent way. In the present work we will need the case for
n “ 4, which we discuss in detail now. Suppose we are cycles a1, a2, a3 and a4 so that
µ2pa1, a2q “ µ1ps1q
µ2pa2, a3q “ µ1ps2q
µ2pa3, a4q “ µ1ps3q.
for some chains si. Suppose furthermore that
µ3pa1, a2, a3q ` µ2ps1, a3q ` µ2pa1, s2q “ µ1pt1q
µ3pa2, a3, a4q ` µ2ps2, a4q ` µ2pa1, s3q “ µ1pt2q
for some t1 and t2. We can then define the homology class of
µ4pa1, a2, a3, a4q ` µ3ps1, a3, a4q ` µ3pa1, s2, a4q ` µ3pa1, a2, s3q
` µ2pt1, a4q ` µ2pa1, t2q ` µ2ps1, s3q.
The fourfold Massey product, denoted by xra1s, ra2s, ra3s, ra4sy, is the set of homology classes
in Hd1`d2`d3`d4´2pAq arising from the construction above.
Given twoA8-algebrasA and B with respective operations tµku and tνku, anA8-morphism
f between them consists of a collection of maps
fn : A
bn Ñ Brn´ 1s
for each n ě 1 satysfying the relations
0 “
ÿ
kě1
ÿ
i1`...ik“n
νk
`
fi1pa1, . . . , ai1q, fi2pai1`1, . . . , ai1`i2q, . . . , fikpai1`¨¨¨`ik´1`1, . . . , anq
˘
(7)
`
ÿ
k`l“n`1
ÿ
1ďjďk
fkpa1, . . . , µlpaj , . . . , ak`l´1q, . . . , anq.(8)
We say that an A8-morphism f is nullhomotopic if there are maps
hj : A
bj Ñ Br´js
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such that
fnpa1, . . . , anq “ `
ÿ
kě1
ÿ
i1`...ik“n
νk
`
hi1pa1, . . . , ai1q, . . . , hikpai1`¨¨¨`ik´1`1, . . . , anq
˘
`
ÿ
k`l“n`1
ÿ
1ďjďk
hkpa1, . . . , µlpaj , . . . , ak`l´1q, . . . , anq,
and that two maps f0 and f1 are homotopic if their difference is nullhomotopic. The compo-
sition of two A8-morphisms g and f is given by
pg ˝ fqn “
ÿ
kě1
ÿ
i1`¨¨¨`ik“n
gk
`
fi1pa1, . . . , aikq, . . . , fikpai1`¨¨¨`ik´1`1, . . . , anq
˘
We say that two A8-algebras A and B are weakly homotopy equivalent if there are maps
f : A Ñ B and g : B Ñ A so that the compositions g ˝ f and f ˝ g induce the identity in
homology.
Given two right A8-modules M and M1 over A, an A8-homomorphism f consists of a
collection of maps
fi : M bAbi´1 ÑM 1r1´ is
satisfying the compatibility relations
0 “
ÿ
i`j“n`1
m1ipfjpx, a1, . . . , aj´1q, . . . , an´1q
`
ÿ
i`j“n`1
fipmjpx, a1, . . . , aj´1q, . . . , an´1q
“
n´1ÿ
j“1
n´1´jÿ
l“1
fipx, a1, . . . , µjpal, . . . , al`j´1q, . . . , an´1q
For any module M the identity morphism I is defined to be
I1pxq “ x
Iipx|a1| ¨ ¨ ¨ |ai´1q “ 0 for i ą 0.
Given A8-morphisms f from M to M1 and g from M1 to M2 we define their composition
g ˝ f to be
pg ˝ fqnpx, a1, . . . , an´1q “
ÿ
i`j“n`1
gjpfipx, a1, . . . , ai´1q, . . . , an´1q
We say that a morphism f is nullhomotopic if there are maps
hi : M bAbi´1 ÑM 1r´is
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with the property that
fnpx|a1, . . . , an´1q “(9) ÿ
i`j“n`1
hipmjpx, a1, ¨ ¨ ¨ , aj´1q, ¨ ¨ ¨ , an´1q(10)
`
ÿ
i`j“n`1
m1iphjpx, a1, . . . , aj´1q, ¨ ¨ ¨ , an´1q(11)
`
ÿ
i`j“n`1
n´jÿ
l“1
hipx, a1, . . . , µjpal, . . . , al`j´1, . . . , an´1q.(12)
Two morphisms f, g : M Ñ M1 are homotopic if their difference is nullhomotopic. Two
A8-modules M and M1 are homotopy equivalent if there are morphisms
f : MÑM1, g : M1 ÑM
such that f ˝ g and g ˝ f are homotopy equivalent to the identity.
Given M and N , respectively a right and a left A8-module over A, we define their A8-
tensor product as the chain complex M N whose underlying graded vector space is given
by
8à
i“0
M ˆ pAr1sqbi bN
and the differential is given by
Brx|a1|. . . |an|ys :“
n`1ÿ
i`1
rmipx, a1, . . . , ai1q|¨ ¨ ¨ |an|ys
`
nÿ
i“1
n´i`1ÿ
l“1
rx|a1| ¨ ¨ ¨ |µipal, . . . , al`i´1q|¨ ¨ ¨ |an|ys
`
ÿ
rx|a1| ¨ ¨ ¨ |mipan´i`2, . . . , an, yqs.
Here we use the same notation we adopted for the bar resolution. The main homological
algebra result we need is the following.
Lemma 1. Suppose H˚pAq is a unital algebra whose degree zero part is identified with F.
Then there is a spectral sequence whose E2-page is isomorphic to
Tor
H˚pAq˚,˚ pH˚pMq, H˚pN qq
which converges to H˚pMN )
Proof. The A8 tensor product is naturally filtered by the groups
Fn “
nà
i“0
M ˆ pAr1sqbi bN
and the E1 page is exactly the tensor product over F of the (unreduced) bar resolution of
H˚pMq with H˚pN q. 
PINp2q-MONOPOLE FLOER HOMOLOGY, HIGHER COMPOSITIONS AND CONNECTED SUMS 13
From this point of view it is clear that the higher differentials can be described in terms
of the higher multiplications of the A8-modules involved. Indeed it is classically known that
the differentials in the Eilenberg-Moore spectral sequence can be described in term of Massey
products, see [McC01].
Finally, suppose that in we are in the case that M is actually and A8-bimodule, i.e. there
are maps
mi,j : A
bi´1 bM bAbj´1 ÑM r1´ i´ js
so that
0 “
iÿ
l“1
jÿ
k“1
mi´l`1,j´k`1pa1i´1, . . . ,ml,kpa1l´1, . . . , a11x, a1, . . . , ak´1q, . . . aj´1q
`
j´1ÿ
k“1
j´1´kÿ
l“1
mi,j´l`1pa1i´1, . . . a11,x, . . . , µlpak, . . . , ak`l´1q, . . . aj´1q
`
i´1ÿ
k“1
i´1´kÿ
l“1
mi´l`1,jpa1i´1, . . . , µlpa1k`l´1, . . . , a1kq, . . .x, . . . , aj´1q.
In particular the usual right A8-module operations mj are given by m1,j . Then the A8-tensor
product MN has a natural left A8-module structure given by
mnpan, . . . , a1, rx|b1|¨ ¨ ¨ |bk|ysq “
k`1ÿ
l“1
rmn,lpan, . . . ,x, . . . , bl´1q|bl|¨ ¨ ¨ |ys.
It is an easy exercise to check that these actually satisfy the A8-relations.
2. Floer functors and the connected sum formula
In this section we review the content of the unpublished work [BMO]. We discuss a nice
functorial picture in which our invariants fit, and discuss how it can be used to prove the
connected sum formula for usual monopole Floer homology. Our proof will follow the same
approach but will be more complicated from a technical viewpoint, so first discuss the main
ideas in a simpler case before dwelling into the details.
We first introduce the categorical framework in which we work.
Definition 1. We define the surgery precategory sur as follows. It objects are closed con-
nected oriented three manifolds Y . Morphisms between Y0 to Y1 are given by cobordisms
W which are either r0, 1s ˆ Y0 or obtained from it by a single two handle attachment, up to
diffeomorphism.
The surgery precategory is the natural object on which one studies surgery exact triangles,
which we now quickly review. Suppose we are given a three manifold Z with torus boundary,
and consider simple closed curves µi for i “ 1, 2, 3 on BZ so that
µi ¨ µi`1 “ ´1.
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The indices here are interpreted cyclically. Let Yi the manifold obtained from Z by Dehn
filling along µi. There is a natural cobordism Wi from Yi to Yi`1 given by a single 2-handle
attachment.
Definition 2. We say that a triple of three manifolds Y0, Y1, Y2 is a surgery triple in the
surgery precategory sur if it arises from the construction above (up to diffeomorphism).
It is then proved in [KMOS07] that the triangle involving the monopole Floer homology
groups
y
HM ‚pY2q
y
HM ‚pY3q
y
HM ‚pY1q
y
HM ‚pW2q
y
HM ‚pW1q
y
HM ‚pW3q
is exact. This motivates the following definition.
Definition 3. A Floer functor is a functor
F : surÑ C,
where C is an abelian category, which sends surgery triples to exact triangles.
Remark 2. The surgery exact triangle in diffeomorphism invariant in the following sense.
Suppose we are given a three manifold Y 11 together with a diffeomorphism φ to Y1. Then we
get a canonical isomorphism
Ψ :
y
HM ‚pY 11q Ñ
y
HM ‚pY1q
obtained from the product r0, 1s ˆ Y 11 by parametrizing the end t1u ˆ Y 11 via φ´1. Similarly
we can use this new parametrization to obtain a cobordism W 11 from Y 11 to Y2, and W 13 from
Y3 to Y
1
1 . The induced map then fit in the commutative diagram
y
HM ‚pY2q
y
HM ‚pY3q
y
HM ‚pY1q
y
HM ‚pY 11q
y
HM ‚pW2q
y
HM ‚pW1q
y
HM ‚pW3q
y
HM ‚pW 13q
Φ
y
HM ‚pW 11q
Hence even though for many constructions in the upcoming section we will work with three
manifolds not up to diffeomorphism, for the upcoming result this will be of no harm.
The key result regarding Floer functors is the following. It finds its roots in the work of
Floer for instanton Floer homology ([BD95]).
Theorem 4 ([BB],[BMO]). Suppose we are given two Floer functors
F,G : surÑ C,
together with a natural transformation
Ψ : F Ñ G.
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If ΨpS3q induces an isomorphism from FpS3q to GpS3q, then ΨpY q is an isomorphism from
FpY q to GpY q for every three manifold Y .
Proof. Following [BB] (see also [Cul14]), consider the set X of diffeomorphism classes of three
manifolds. We say that a subset A Ă X is a subspace if whenever we have a surgery triangle
Y0, Y1, Y2 so that two of these manifolds lie in A then also the third lies in A. Then we have
that the smallest subspace containing S3 is the whole X . This fact, together with the five
lemma applied iteratively to the exact triangles in C, implies the result. 
Of course the applicability of this result in practical contexts is limited by the fact that
we need to have an actual natural trasformation between the two theories. In particular, we
cannot use it to provide an axiomatic characterization of monopole Floer homology or its
equivalence with other theories satisfying the same axioms (as Heegaard Floer homology).
On the other hand it turns out to be very useful to study the connected sum formula in
monopole Floer homology, as we now discuss. We first recall the result.
Theorem 5 ([BMO]). Consider two pairs pY0, s0q and pY1, s1q. There is an isomorphism of
graded FrrU ss-modules between yHM ‚pY0#Y1, s0#s1q and the mapping cone of the degree ´1
map yHM ‚pY0, s0q b yHM ‚pY1, s1q 1bU`Ub1ÝÑ ´yHM ‚pY0, s0q b yHM ‚pY1, s1q¯ x1y.
It is not hard to check that the mapping cone of the statement is isomorphic (in a functorial
way) as a FrrU ss-module to
Tor
FrrUss
˚
´yHM ‚pY0, s0q, yHM ‚pY1, s1q¯ x´1y
so that this theorem is equivalent to the analogous one in Heegaard Floer homology ([OS04]).
To prove this theorem with the functorial approach discussed above we need to introduce
extra decorations in order to make the constructions natural.
Definition 4. We define the based surgery precategory sur˚ as follows. Its objects are triples
pY, ιU , ι#q where Y is a closed connected oriented three manifolds Y together with smooth
embeddings with disjoint images
ιU , ι# : B3 Ñ Y,
where B3 is the closed unit ball. Given two such objects pY0, ιU0 , ι#0 q and pY1, ιU1 , ι#1 q, consider
the pairs pW, ιU , ι#q where:
‚ W is a cobordism from Y0 to Y1 obtained from r0, 1s ˆY0 by a single two handle attach-
ment, so that the handle is attached away from the balls
t1u ˆ ιU0 pBq > t1u ˆ ι#0 pBq;
‚ ιU is a proper embedding of r0, 1s ˆB3 in W that agrees with ιU0 on each ttu ˆB3 and
agrees under the parametrization of the boundary by Y1 with ι
U
1 . The same holds for
ι#.
Morphisms between pY0, ι0q and pY1, ι1q consist of these pairs up to diffeomorphism commuting
with the extra decorations.
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We will use the embedding ιU to define the module structure while we will use ι# to per-
form connected sums. Indeed the key point in the definition of a cobordism category is that
the objects are three manifolds (not up to diffeomorphism). In all our construction we will
hence make sure that all the three manifolds that arise come with natural identifications with
the ones we are starting with.
We will only sketch the construction as we will prove a more involved result later from
which this follows. Our approach, which involves families of metrics, is slightly different from
that proposed in [BMO], which is based on moving basepoints. On the other hand, this
alternative viewpoint is easier to generalize we are actually interested in.
Consider the diffeomorphism ϕ from B3zB3p1{2q to itself obtained by applying the antipo-
dal map at each fix radius. Fix a three manifold pZ, q there  is an embedding of B3. Given
an object pY, ιU , ι#q we can form their connected sum by first removing ι#pB3p1{2qq and
pB3p1{2qq and then identifying ιpB3zB3p1{2qq and pB3zB3p1{2qq using the diffeomorphism
ϕ. This yields a manifold, which we simply denote by Y#Z by dropping the notation, which
is well defined, not only up to diffeomorphism.
Given a based three manifold pZ, q, we can associate to it two Floer functors. First,
we have the Floer functor GZ associates to the based three manifold pY, ιq the Floer groupyHM ‚pY#Zq. It is clear that GZ maps surgery triples to exact triangles.
Before defining the Floer functor FZ we need to review the construction of the U action.
Remove from RˆY a ball and suppose that the metric near the new boundary component is a
cylinder on the standard round one. Fix some additional small perturbation on the additional
S3 end so that no irreducible solutions are introduced. The chain complex Cˆ‚pS3q has trivial
differential and is identified as a graded vector space with FrrU ssx´1y. In particular the U
corresponds to the second negative eigenspace. We can then consider the moduli spaces of
solutions to the Seiberg-Witten equations (in the blow-up) on Rˆ Y zB4 that converge to U
on the additional S3 end. These can be packed in order to define a chain map
mˆpUqY : Cˆ‚pY q Ñ Cˆ‚pY q
that induces the action of U at the homology level. In our case the embedding ιU determines
a preferred embedded ball obtained by applying the map ιU fiberwise to
B4 Ă r´1, 1s ˆB3.
The same applies for Z, so that there is a chain map mˆpUqZ inducing the action of U at the
homology level.
The functor FZ is then defined to be the mapping cone of the chain map
p1b mˆpUqZ ` mˆpUqY b 1q : Cˆ‚pY q b Cˆ‚pZq Ñ
´
Cˆ‚pY q b Cˆ‚pZq
¯
x1y.
The functor FZ is actually independent in a natural way of the various choices, and one can
actually show that it is a Floer functor (see Section 5).
The key point in the proof is the construction of a natural transformation Ψ from FZ to
GZ , which we now sketch. There is a natural cobordism X# from Y > Z to the connected
sum Y#Z given by attaching a one handle r´1, 1sˆB3p3{4q to r0, 1sˆ pY >Zq along the two
balls in t1uˆpY >Zq given by ι#pB3p3{4qqq and #pB3p3{4qq. After fixing appropriate corner
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Y 1 Z 1
Y Z
Y#Z
`8´8
Figure 1. The one parameter family of metrics we are considering on the
cobordism pW#q˚ with a ball removed. The two cobordism on the sides have
the standard metric g0.
roundings (independent of Y and Z) the new boundary component is canonically identified
with the connected sum Y#Z.
The four manifold X# contains a four ball B4p1{2q Ă r´1{2, 1{2s ˆ B3p1{2q in the one
handle we added. As we are given standard local models, we can canonically define two hy-
persurfaces Y 1 and Z 1 identified with Y and Z so that Y 1 separates X#zB4p1{2q in a copy of
I ˆ Y zB4 and X#, and similarly for Z 1 (see the central picture in Figure 1).
Fix the metric and pertubation pg0, p0q on X# so that near the boundary is a product with
the on Y and Z we have already fixed in the discussion above. Recall that the manifold pX#q˚
is obtained from it by attaching the cylindrical ends p´8,´1sˆpY >Zq and r0,8qˆY#Z. We
can choose this data so that the moduli spaces are regular. In particular counting solutions
induces a chain map
(13) mˆ : Cˆ‚pY q b Cˆ‚pZq Ñ Cˆ‚pY#Zq.
This is the main reason why we are working in the from theory, as the analogous result in
the to theory is false.
We then construct a family of metrics and perturbations pg1, p1q on the cobordism X#zB4
parametrized by p´8,8q with the following properties.
‚ For each T they are a product near the boundary with the data we have already fixed
for Y,Z and S3.
‚ For T ď ´2, the manifold obtained from it by attaching cylindrical ends is isometric
to the manifold obtained from ppX#q, g0q˚ by removing the ball B4 centered at T from
p´8,´1s ˆ Y . Here we are again using the parametrization given by ιU . Similarly for
T ě 2 we remove the ball centered at T from p´8,´1s ˆ Z.
This family is depicted in Figure 1. The existence of such a family follows from the fact that
the space of metrics and perturbations is contractible. We will discuss in the next section
how this family can be chosen so that all the moduli spaces are transverse (we will actually
prove a much more general statement).
This moduli space is not compact as the parameter space is not. This is the usual phe-
nomenon occurring when studying nect stretching argument, see for example Chapter 24 of
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[KM07]. In particular suppose that we are given a family of solutions γn corresponding to data
pg1pTnq, p1pTnqq which are asymptotic to U on the S3 end. If Tn goes to ´8, this converges
(after passing to a subsequence) in some suitable sense to a pair consisting of
‚ a solution on the cylinder RˆY with a ball removed that converges to U on the S3 end
‚ a solution on ppW#q, g0q˚.
One can think of this pair as a solution on the cobordism with the degenerate metric at
T “ ´8, see Figure 1. Using these maps and the same formulas as in the definition of mˆ
(Equation 13) one can define a map
mˆU : Cˆ‚pY q b Cˆ‚pZq Ñ Cˆ‚pY#Zq
and by considering the boundary strata one obtains the identity
Bˆ ˝ mˆU ` mˆU ˝ Bˆ “ mˆpUY b 1` 1b UZq.
In particular the map
mˆ‘ mˆU : Cone
´
Cˆ‚pY q b Cˆ‚pZq UY b1`1bUZÝÑ Cˆ‚pY q b Cˆ‚pZq
¯
Ñ Cˆ‚pY#Zq
is a chain map, and we define the induced map in homology to be the natural transformation
ηZpY q : FZpY q Ñ GZpY q.
Of course one has to check that this map is actually a natural transformation, and that the
hypothesis of Theorem 4 are satisfied. We will do this in Section 5 in the more complicated
setting of Pinp2q-monopole Floer homology.
3. A transversality result
In this section we discuss a technical result which is needed in the constructions. In
the setting of the previous section, we have metrics and perturbations parametrized by the
boundary of an interval Br0, 1s (where the boundary consists of degenerate metrics for which
a neck is stretched to infinity) and we would like to extend it in the interior so that the
usual transversality, compactness and gluing results hold for this parametrized family. Such
a construction is implicitly used also in the proof of the surgery exact triangle, see [KMOS07]
and [Lin15b]. We will always be referring to Chapters 24 and 26 of [KM07].
Before discussing the general result, we see how this construction works in the simplest case
of composing cobordisms (see Chapter 26) in the case of usual (non Pinp2q) monopole Floer
homology. The main idea is expressed in Figure 2. The construction there, which we now
quickly review, does not satisfy our purposes as it is not the one we want on the boundary
of the parametrizing interval. Suppose we are given cobordisms W01 from Y0 to Y1 and W12
from Y1 to Y2. Fix metrics so that the cobordisms are cylindrical near the ends, and regular
tame perturbations p0, p1 and p2 on the three manifolds. For each S ě 2, we can form the
composite cobordism
W pSq “W01 Y pr0, Ss ˆ Y1q YW12,
which is naturally equipped with a Riemannian metric. The perturbations pi give rise to per-
turbations pˆi on the cylindrical parts of W pSq˚, the manifold obtained by adding cylindrical
ends. The main transversality result is then Proposition 26.1.3, which says that for generic
choice of some additional compactly supported perturbation pˆ (independent of S) on the W01
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Y0 Y2
W01 W12
r0, Ss ˆ Y1
Figure 2. In the construction of [KM07], transversality is achieved by adding
a perturbation onW01 andW12 independent of S. In our case, the perturbation
on these two cobordisms is prescribed, and transversality is achieved by adding
S-dependent perturbations on r0, Ss ˆ Y1.
and W12 the union over S of the moduli spaces on W pSq˚ is transversely cut out. This readily
follows from the fact that we can see the moduli space as a fibered product in which one of
the factors is
(14) M “
ď
SPr0,8q
tSu ˆMpr0, Ss ˆ Y1q
for which transversality is automatic (see Proposition 24.3.1), and the proof of Proposition
24.4.7. A family of these solutions with S Ñ 8 will converge on each cobordism to a solu-
tion of the equations perturbed by pˆ. In particular, we cannot use this approach to extend
perturbations.
Suppose then we have fixed perturbations pˆ01 and pˆ12 on the cobordisms so that the moduli
spaces on W0˚1 and W1˚2 are transversely cut out. Consider a bump function βptq supported
in r0, 1s. Given an admissible perturbations q˘ on Y1, we can add to our equations the
perturbation
(15) e´Spβptqqˆ´ ` βpt` S ´ 1qqˆ`q,
which is supported on r0, Ss ˆ Y1. Of course these perturbations are mild enough to retain
the nice compactness results (see Sections 24.5 and 25.6). Our claim is that the union of the
moduli spaces over W pSq˚ is transversely cut out for generic choice of q˘. The proof of this
claim is essentially identical. First, we form the parametrized moduli space Mq˘ defined as
Equation (14) with our extra S dependent perturbations (15). This has the natural structure
of a Banach manifold (the proof of Proposition 24.3.1 applies verbatim). We can also form
the Banach manifold
M “
ď
q˘PPpY1qˆPpY1q
Mq˘
parametrized by two copies of the space of tame perturbations PpY1q. The key result is that
(using the appropriate Sobolev completions) the linearization of the restriction map
R : MÑ BσpY¯1 > Y1q
has range dense in the L21{2-topology at a point prγs, qq with rγs irreducible, and similarly
R : Mred Ñ BBσpY¯1 > Y1q
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has range dense in the L21{2-topology if rγs is reducible. Here, following the notation of [KM07],
Mred denotes the reducible part of the moduli space. Indeed we have a stronger result, which
is Lemma 24.4.8: the linearization of the restriction map on the moduli space on r0, Ss ˆ Y1
has dense image for each S. From this, the desired transversality result follows from the usual
fibered product description, see the proof of Proposition 24.4.7.
In the Pinp2q case some extra care has to be taken, as one might not be able to achieve
transversality by only using tame perturbations. In [Lin15a] (see Section 4.2) a more general
class of perturbations, called Pinp2q-equivariant asd-perturbations, is introduced. While tame
perturbations are inherently three dimensional, this new type of perturbations is defined on
the blown-up configuration space a cobordism. It is shown in [Lin15a] that this class is large
enough to achieve transversality for the moduli spaces on cobordisms (while retaining the nice
analytical properties). In our setting, the same discussion above implies that for a generic
choice of ωˆ˘ P PasdpI ˆ Y1q, after adding the S-dependent perturbation
e´Spωˆ´ ` τS˚´1ωˆ`q
the parametrized moduli spaces are transversely cut out. Here τS˚´1ωˆ` denotes the transla-
tion of ωˆ` so that it is a perturbation in rS ´ 1, Ss ˆ Y1, so that the extra perturbation is
supported on r0, Ss ˆ Y1.
We now discuss the general case of a family of metrics and perturbations on a four manifold
X parametrized by P a compact smooth manifold with corners (with some additional data).
In our specific case, P will be an associahedron or a multiplihedron (see the next section).
Definition 5. We say that a family of (possibly degenerate) metrics and perturbations
parametrized by P is standard at the boundary if the following conditions hold.
(1) There is a correspondence between the faces ∆i of P and a collection of embedded
hypersurfaces Yi Ă X. Two faces intersect if and only if the corresponding hypersurfaces
are disjoint.
(2) For each face ∆i, there is a neighborhood Ui in P identified with pTi,8sˆ∆i such that
given a collection of faces ∆1, . . . ,∆k we have a natural identification
kč
i“1
Ui ”
kź
i“1
pTi,8s ˆ
kč
i“1
∆i
(3) If p “ pSi, qq P Ui, the corresponding metric is obtained by attaching the cylinder
r0, Sis ˆYi to the manifold with cylindrical ends corresponding to q (which has a cylin-
drical end modeled on pr0,`8q > p´8, 0sq ˆ Yi).
We call tUiu a compatible system of boundary neighborhoods, and think of it as part of the
data associated to the manifold with corners P .
For example, in the previous discussion P was a closed interval. In the case of the surgery
exact triangle, P is obtained by identifying the edges of five squares, so that it is a penta-
gon. The conditions imply that in the neighborhood of a codimension k facet the metric is
obtained by stretching along k disjoint hypersurfaces. Notice that tUiu induces a compatible
system of boundary neighborhoods on each facet ∆, and the restriction of the family to ∆ is
standard at the boundary. In our case, the existence of such a compatible system of boundary
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neighborhoods will follow from a nice description of the associahedron as a union of cubes
(see Lemma 2). Our main transversality result is the following.
Proposition 1. Suppose we are given a smooth compact manifold with corners P with a
compatible system of boundary neighborhoods tUiu, and a regular family of metrics and per-
turbations on BP such that the restriction on each codimension one facet is standard at the
boundary. Suppose in addition that the family metrics is compatible, i.e. one can extend it to
a neighborhood U of BP so that it is standard at the boundary. Then there is a regular family
of metrics and perturbations on P which is standard at the boundary and extends the given
one on BP . The space of such extensions is contractible.
Proof. Consider first the usual (non Pinp2q) case. Pick any smooth extension to the whole P
which is standard at the boundary. The compactness properties for this parametrized moduli
spaces are clear (see again Chapter 26 of [KM07]), so we just need to focus on transversality.
Consider the neighborhood Ui ” pTi,8s ˆ ∆i of ∆i in P . Choose a function ϕi on pTi,8s
which is zero near Ti and e
´Si for very large Si, and a function ψi on ∆ which is always
positive and decays as e´Sj near the boundary component ∆i X∆j (such a function can be
easily written down using the compatible system of boundary neighborhoods induced on ∆).
For each i “ 1, . . . , k fix perturbations qi,˘ in PpYiq. For pSi, qq P Ui we can add as in equation
(15) the perturbations
ϕipSiqψipqq pβptqqˆi,´ ` βpt` Si ´ 1qqˆi,`q ,
each of which is supported in (a collar of the boundary of) r0, SisˆYi and vanishes at BP . The
same argument as above implies that for generic choice of the qi,˘ this satisfies the hypothesis.
The extension to the interior of P then follows from the usual extension result from a closed
subset, Proposition 24.4.10. Finally, the contractibility follows from the contractibility of the
space of metrics, perturbations, and the space of functions we have chosen.
The result in the Pinp2q case can be achieved in the same spirit as the previous discussions
by adding extra perturbations supported in r0, Sis ˆ Yi of the form
ϕipSiqψipqq
`
ωˆi,´ ` τS˚i´1ωˆi,`
˘
,
for generic ωˆi,˘ P PasdpI ˆ Yiq. 
4. Higher compositions
In this section we prove Theorem 1. We begin by recalling how the usual module structure
is defined in our context. We have briefly discussed this in section 2 but we will review it
here in more detail (also because we need to deal with more intricate transversality issues).
Consider the cobordism IˆY with an open ball removed, seen as a cobordism with incoming
ends Y and S3 and outgoing end Y , one obtains the map
(16) xHS ‚pY q b xHS ‚pS3q Ñ xHS ‚pY q,
and we can identify xHS ‚pS3q with R (after a grading shift). More explicitly, the map is defined
as follows. Suppose we have fixed on S3 a metric of positive scalar curvature. It follows that
for small perturbations there are no irreducible critical points and only one reducible solution.
In particular the chain complex computing xHS ‚pS3q is the direct sum of the chain complexes
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of the unstable critical submanifolds rCis, i ď ´1, and the homology is indeed isomorphic
to R. To define the action of a class r P R we can then proceed as follows. Choose on
pI ˆ Y qzintB4 a metric which is a product with a metric of positive scalar curvature on the
incoming S3 end. Choose a smooth chain ∆ representing the class r. For a generic choice
of perturbations on the cobordism with cylindrical ends attached, we can suppose that the
moduli spaces are transverse to ∆, so that we can take the fibered products. Thus we can
define the maps
mp∆qoo : CopY q Ñ CopY q
and the seven companions mp∆qos,mp∆quo ,mp∆qsu, m¯p∆qss, m¯p∆qsu, m¯p∆quu and m¯p∆qus . We can
use these to define the map
mˆp∆q : Cˆ‚pY q Ñ Cˆ‚pY q
by the formula
(17) mˆp∆q “
„
moo m
u
o
m¯suBos ` B¯sumos m¯uu ` m¯suBus ` B¯sumus

.
Recall that Cˆ‚pY q is the direct sum CopY q ‘ CupY q. One can check that this is actually
a chain map (using the fact that there are no irreducible solutions on S3). We define the
induced map to be the action of r on xHS ‚pY q.
We can also see the map (16) from an alternative viewpoint which will generalize to higher
compositions. Consider the subcomplex
Cˆ‚pY, 2q Ă Cˆ‚pY q b Cˆ‚pS3q
generated by chains σ b τ such that σ ˆ τ is is transverse to the moduli space on ppI ˆ
Y qzintB4q˚. The inclusion of this chain complex is a quasi-isomorphism, as it can be seen by
using the energy filtration (see Section 3.2 of [Lin15a]). The fibered products give rise to a
chain map
m2 : Cˆ‚pY, 2q Ñ Cˆ‚pY q
inducing the module structure (16).
We now generalize the construction we have just described to construct the higher compo-
sitions
µn : Cˆ‚pS3, nq Ñ Cˆ‚pY q
mn : Cˆ‚pY, nq Ñ Cˆ‚pY q
where
Cˆ‚pS3, nq Ă Cˆ‚pS3qbn
Cˆ‚pY, nq Ă Cˆ‚pY q b Cˆ‚pS3qbn´1
are chain complexes such that the inclusions are quasi-isomorphisms.
As remarked in the previous section, a key point is that the constructions should be made
so that the three manifolds arising come with canonical identifications with those we are
interested in. To do this, we will sometime require some additional data to be fixed.
From the cobordism I ˆ Y we can remove d´ 1 open balls in order to obtain a cobordism
Wd with incoming ends Y, S
3
1 , ¨ ¨ ¨ , S3d´1. As in Section 2, these balls are parametrized (after a
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Figure 3. The five separating hypersurfaces in I ˆ Y with three balls removed.
suitable shifting in the I component and linear rescaling, both independent of Y ) by applying
to
(18) B4 Ă r´1, 1s ˆB3
the map ιU fiberwise. It will be convenient to consider only the image of B4p1{2q. Here we
label the incoming S3 ends by S3i and we consider the set of incoming ends as an ordered
set. To simplify the notation we will sometime denote Y by S30 . Similarly denote by Zd the
cobordism I ˆ S3 with d´ 1 balls removed, so that it has d incoming ends and one outgoing
end.
On Wd, for each pair of incoming ends S
3
i and S
3
j with i ă j we can define a hypersurface
Σi,j schematically depicted in Figure 3. This is canonically identified of S
3 if i ą 0, while it
is identified of Y for i “ 0. The hypersurface Σi,j separates the cobordism Wd in two pieces:
‚ if i “ 0, two cobordisms which are diffeomorphic to Wj and Wd´1´j ;
‚ if i “ 1, two cobordisms, one diffeomorphic to Wd´2`pj´iq and one to Zi´j`1.
Two hypersurfaces Σi,j and Σk,l intersect if and only if the intervals ti, , . . . , ju and tk, . . . , lu
intersect and are not contained one in the other. When the intersection is not empty it is
diffeomorphic to S2.
We can specify the hypersurfaces as follows. The hypersurface Σ0,j is an hypersurface of
the form tptjquˆ Y . The hypersurfaces identified with S3 come the map ιU applied fiberwise
to a ball B4pRq as in (18) after shifting in the I direction and linearly rescaling (using a
fixed model independent of Y ). We can choose the parameters so that the intersections are
as described (any two choices are diffeomorphic). This is shown schematically in Figure 3.
We will depict them more conveniently as in the left of Figure 5, where the cusps denote the
incoming S3 ends. Again, the key point here is that these hypersurfaces come with canonical
diffeomorphisms with respectively Y and S3.
Using these hypersurfaces, we define a family of metrics parametrized by the n-associahedron
Kn. Recall that this is an pn ´ 2q-dimensional convex polytope that plays a key role in the
context of A8-structures. The face poset of the associahedron corresponds to the coherent
parenthesizations of the ordered set t0, . . . , n´ 1u. The key property is that the codimension
one faces of the associahedron Kn are naturally identified with products of smaller dimensional
associahedra KjˆKn´1´j . The associahedron K3 is the interval, while the associahedron K4
is the pentagon.
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In our setting the best way to think about the associahedron Kn is the following. Each
codimension one face correspond to a single parenthesis to which we can associate a single
hypersurface Σij in our cobordism Wn or Zn. We will think of a face as parametrizing a
family of metrics on which the corresponding hypersurface is stretched to infinity. This can
be done consistently because two faces that intersect correspond to disjoint hypersurfaces. To
inductively apply the transversality result, Proposition 1, we need the following lemma.
Lemma 2. The associahedron Kn admits a compatible system of boundary neighborhoods (in
the sense of Definition 5). The restriction fn the compatible system to a facet Kj ˆKn´1´j
is the product of the compatible systems on each factor.
Proof. There is an alternative description of Kn that makes the result clear. To each n-
uple of non-intersecting hypersurfaces tY1, . . . , Ynu associate the cube r0,8sn, where each
hypersurface Yi corresponds to the coordinate ti. Given two n-uples of hypersurfaces which
differ only by one element, we identify the faces of the respective cubes in which the coordinate
corresponding to the different hypersurface is zero. The result is the associahedron Kn, and
the neighborhood Ui (corresponding to the hypersurface Yi) obtained by taking the union of
the open sets tti ą 1u over all cubes in which Yi appears. 
We now describe explicitly how the construction is performed order to define the maps µn
and mn satisfying the appropriate composition laws. As the discussion above suggests, we
will take an inductive approach.
Fix any regular metric and perturbation pg1, p1q and ph1, q1q on Y and S3, with the addi-
tional requirement that for the latter the metric has positive scalar curvature and the pertur-
bation is small so that there are no reducible solutions. From this we can define the maps m1
and µ1, which are just the differentials of the chain complexes Cˆ
‚pY q and Cˆ‚pS3q. The maps
µ2 and m2 are just the chain maps giving rise to the module structures described above. In
particular for m2 we consider the manifold W2 and a metric and a pertubation pg2, p2q on it
which coincide with the given ones for Y and S3 in a neighborhood of the boundary and for
which the moduli spaces are regular. Similarly we have fixed a pair ph2, q2q.
The first non trivial case is the family of metrics and perturbations on W3, which is anal-
ogous to the construction in the precious section. In this case the family is parametrized by
the associahedron K3, which is identified with the interval r´8,8s. The hypersurface Σ01
cuts the cobordism in two copies of W2, so that we can associate to the point ´8 two copies
pair pg2, p2q. Similarly the hypersurface Σ12 cuts the cobordism in a copy of W2 and a copy of
Z2, so that over the point `8 we can associate the pair which is pg2, p2q on W2 and ph2, q2q
on Z2. We can then apply Proposition 1 to obtain a family pg3, p3q on W3 parametrized
by the closed interval so that for T negative enough it is (up to an exponentially decaying
pertubation term) obtained by attaching cylinder of length T to the outgoing end of the first
copy of W2 and the incoming end of second copy of W2, and similarly for T positive enough,
see Figure 4. In an analogous manner one can define a family of metrics and pertubations
ph3, q3q on Z3.
The definition of the family of pairs pgn, pnq and phn, qnq parametrized by the associahedron
Kn now proceeds inductively. We consider the case when n is equal to 4. In this case K4 is a
pentagon (obtained by gluing together 5 squares) and each edge corresponds to a hypersurface
Σij . Two edges share a vertex if and only if the corresponding hypersurfaces are disjoint.
Each of these hypersurfaces separates W4 in a pair of cobordisms on each of which we have
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pW2, g2q
pW2, g2q
r0, T s ˆ Y
Y
S3
S3
Y
Figure 4. The family of metrics g3 for T negative.
Σ01
Σ13Σ12
Σ03 Σ23
Figure 5. The two parameter family of data paramerized by K4 that looks
like stretching along the hypersurfaces Σij . Each edge of K4 corresponds to
one of the hypersurfaces.
already defined a family of metrics and perturbations, see Figure 5. In particular we can
use products of the families of metrics and perturbations we have already defined as the
metrics parametrized by the edges of K4. This family parametrized by the boundary can be
extended in the interior to a regular family using Proposition 1. The key point is that two
codimension one faces of the associahedron intersect if and only if they correspond to disjoint
hypersurfaces.
The same idea then applies to each n. Each hypersurface divides the cobordism Wn in
a pair of cobordisms on which we have already defined a family of metric parametrized by
the associahedra Kj and Kn´j´1 for some j. This hypersurface corresponds to a face of the
associahedron Kn which is identified with the product KjˆKn´j´1. So the previously defined
families induce one on the boundary of Kn, which we can extend inside thanks to Proposition
1.
Our construction naturally leads to the following definition.
Definition 6. We say that a sequence D “ tpgn, pnq, phn, qnqu of metrics and pertubations
on Wn and Zn parametrized by the associahedron Kn forms admissible data if
‚ all parametrized moduli spaces are regular;
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‚ for each n the restriction of pgn, pnq to a codimension one face is given by the prod-
uct of the corresponding families on the two cobordisms obtained by cutting along the
corresponding hypersurface, and similarly for phn, qnq.
Having defined the admissible data D ready to define the higher compositions mn and µn.
Consider the subspace
Cˆ‚pY, nq Ă Cˆ‚pY q b Cˆ‚pS3qbn´1
generated by products σ b τ1 b ¨ ¨ ¨ b τn´1 such that:
‚ for each j “ 1, . . . n ´ 1 the chain σ ˆ τ1 ˆ ¨ ¨ ¨ τj is transverse to all the compactified
moduli spaces of solutions on Wj`1 parametrized by the family of metrics pgj`1, pj`1q.
‚ for each 1 ď j ă l ď n´1 the chain τjˆ¨ ¨ ¨ τl is transverse to all the compactified module
spaces of solutions on Zl´j`1 parametrized by the family of metrics phl´j`1, ql´j`1q.
This is a subcomplex and the inclusion induces an isomorphism in homology, as it can be
seen by looking at the spectral sequence associated to the energy filtration.
By using the same formulas as in (17) we can then construct the map
mn : Cˆ
‚pY, S3, nq Ñ Cˆ‚pY q
by taking fibered products with the moduli spaces. The analogous definition gives rise (by
substituting Y “ S3) to the maps
µn : Cˆ
‚pS3, nq Ñ Cˆ‚pS3q.
We will denote the whole package of chain complexes and higher compositions by Cˆ‚pY,Dq
and Cˆ‚pS3,Dq. We have the following key result.
Proposition 2. The maps mn and µn satisfies the relations (4) and (5).
This result is saying at a practical level that Cˆ‚pS3q is an A8-algebra and Cˆ‚pY q is an A8-
module over it. We cannot use that terminology though because the compositions are not
defined for all tuples of elements but only on those which satisfy the transversality conditions
specified above.
Proof. First of all, the formulas make sense because of the transversality conditions we are
requiring on the products of consecutive elements in our chains. The verification of the
identities (4) and (5) then boils down to identifying the boundary strata of a fibered product
of the form
pσ ˆ τ1 ˆ ¨ ¨ ¨ ˆ τn´1q ˆM`Kn
where M`Kn is any compactified moduli space of solutions parametrized by the family Kn on
the cobordism Wn. In particular we want to identify the component that lies in the singular
chain complex of a given critical submanifold rC`s in the outgoing end. Notice that M`Kn
has two kinds of boundary strata: the fibered products of moduli spaces of unparametrized
trajectories of the various ends and those on Wn parametrized by the family Kn, and strata
parametrized by the faces of the associahedron Kn, which we denote M
`
BKn The fibered
products of the first kind, together with the terms of the form
B `pσ ˆ τ1 ˆ ¨ ¨ ¨ ˆ τn´1q ˆMn` ˘ , pBpσ ˆ τ1 ˆ ¨ ¨ ¨ ˆ τn´1qq ˆMn`
correspond to the n ` 1 terms in the formulas (4) and (5) involving the differentials m1 or
µ1. So it remains to consider the fibered products
pσ ˆ τ1 ˆ ¨ ¨ ¨ ˆ τn´1q ˆM`BKn .
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fp0p12qq
fp0qfp12q
fp0qpfp1qfp2qq
fpp01q2q
fp01qfp2q
pfp0qfp1qqfp2q
Figure 6. The multiplihedron J3.
By definition the families of metrics and perturbations on the boundary are products of those
defined on Wj by pgj , pjq and on Zk by phk, qkq, so it is straightforward to identify these
terms with those involving compositions µj and mk with j, k ě 2 in the identities we want to
prove. 
Having defined the higher compositions, we discuss in detail in which sense these are
invariants of the manifolds, as stated vaguely in Theorem 1. If the objects involved were
genuine A8-algebras and modules, the result would say that for different choices of admissible
data D and D1, we can construct a weak homotopy equivalence of A8-algebras
hpEq : Cˆ‚pS3,Dq Ñ Cˆ‚pS3,D1q
depending of some additional data E, and any two such weak homotopy equivalences we
construct are homotopic. The similar statement holds for the A8-modules Cˆ‚pY,Dq.
In our case we have to deal with some transversality constraint so we will define, under
some suitable choice of a sequence of E of metrics and perturbations pkn, rnq on the cobordisms
Zn, maps
(19) fn : Cˆ‚pS3, n,Eq Ñ Cˆ‚pS3, pg11, p11qq
satisfying the relations of an A8-morphism (7) where
Cˆ‚pS3, n,Eq Ă Cˆ‚pS3, n,Dq
is a subcomplex so that the inclusion is a quasi-isomorphism.
We start by defining the data E, and it should not be surprising that the family of metrics
and perturbations on the cobordism Zn will be parametrized by the multiplihedron Jn. Recall
that this is a n ´ 1 dimensional polyhedron whose vertices correspond to the ways of put
complete parenthesis and applying function f to the string t0, . . . , n´ 1u. For example J2 is
an interval whose vertices correspond to the expressions fp01q and fp0qfp1q, while J3 is the
hexagon shown in Figure 6. The faces of the multiplihedron Jn are of two kinds. The first
are those parametrized by
Ji1 ˆ ¨ ¨ ¨ ˆ Jij ˆKj Ñ Jn
for a partition i1 ` ¨ ¨ ¨ ij “ n, and those parametrized by
Jn´e`1 ˆKe Ñ Jn
for 2 ď e ď n. In Figure 6, the horizontal edge are of the second kind, while the others are of
the first kind.
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pZ1, pk1, r1q
r0, T s ˆ S3
pZ2, ph2, q2qq
pZ2, ph12, q12qq
rT, 0s ˆ S3
pZ1, pk1, r1qq
`8´8
Figure 7. The family of metrics and perturbations parametrized by the mul-
tiplihedron J2. On the products I ˆ S3 the metric and perturbations are the
ones induced by ph11, q1q on the three manifold.
As usual, we define the data inductively. On the cobordism Z1, which is just topogically a
product I ˆ Y , we choose a metric and perturbation pk1, r1q which agrees with the cylinders
on the two given ones ph1, q1q and ph11, q11q near the boundary. As usual, we can choose them
so that all the moduli spaces on the manifold obtained by adding cylindrical ends are regular.
This choice induces a continuation map, which is denoted in our notation by f1.
On the cobordism Z2 the family of metrics and perturbations parametrized by J2 “
r´8,8s all of which agree with ph1, q1q on the incoming end and with ph11, q11q on the out-
going end is defined as follows. The data at ´8 is the one for which the incoming ends are
stretched at infinity, so that the cobordism is decomposed as a disjoint union
pZ1 > Z1q > Z2.
On the two copies of Z1 we choose the data pk1, r1q defined right above, while on Z2 we choose
the data ph12, q12q defining the composition µ12. At the other end 8, we stretch the outgoing
end to infinity so that the cobordism is decomposed as a union
Z2 > Z1.
On the first cobordism we consider the data ph2, q2q defining the composition µ2 while on the
latter we consider the data pk1, r1q defined above. Using Proposition 1 can then extend the
family as in the definition of the admissible data D to the multiplihedron J2, so that when
the parameter T is negative enough the family is exponentially close to the one obtained by
attaching the the two copies of pZ1, pk1, r1qq and pZ2, ph12, q12qq with a cylinder r0, T s ˆY with
the product metric and perturbation with pg11, p11q and the similar thing for T very positive,
see Figure 7. We can proceed inductively in the same way and define the family of data on
Zn parametrized by Jn as its facets can be identified with products of smaller dimensional
associahedra and multiplihedra, and the data has been defined on them. The key point is
that each face of the multiplihedron correspond to a (possibly disconnected) hypersurface,
and two faces intersect if and only if they correspond to disjoint hypersurfaces, see Figure 8.
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pZ2, ph12, q12qq
pZ2, ph2, q12qq
r0, Ss ˆ S3
r0, T s ˆ S3
r0, T s ˆ S3
pZ1, pk1, r1qq
pZ1, pk1, r1qq
Figure 8. The two parameter family parametrized by T and S near the corner
pfp0qfp1qqfp2q of the associahedron J3.
We define the subcomplex Cˆ‚pS3, n,Eq as the subcomplex generated by all tensor products
σ1b¨ ¨ ¨bσn so that each product of k consecutive is transverse to all the parametrized moduli
spaces on Zk˚ . The maps fn in Equation (19) are defined by taking fibered products with the
moduli spaces. We have then the following invariance result.
Theorem 6. For a given family of data E constructed as above the maps fn satisfy the
relations (7) of an A8-morphism with the higher compositions µn and µ1n. Given two choices
of data E and E1, there is a family of chain complexes
Cˆ‚pS3, n,E,E1q Ă Cˆ‚pS3, n,Eq X Cˆ‚pS3, n,E1q
so that the inclusion induces a quasi-isomophism and there are maps
hn : Cˆ‚pS3, n,E,E1q Ñ Cˆ‚pS3, pg11, q11qq
satisfying the relations (9) of an A8 homotopy between the two A8-morphisms f and f 1. In
particular, the map induced in homology by f1 is a well defined isomorphism.
The analogous statement holds for the modules Cˆ‚pY,Dq.
Proof. The relations of an A8-morphism follow by identifying the contributions given by the
boundary strata of the multiplihedron. For the independence part, one can construct a family
of data pln, snq parametrized by I ˆ Jn as follows. For n “ 1 one just chooses a homotopy
constant near the boundary between pk1, r1q and pk11, r11q so that at each t the perturbation at
the ends of Z1 is the fixed one. This determines a family of data on the boundary of I ˆ J2:
‚ on the edges BI ˆ J2 we have the two families pk1, r1q and pk11, r11q;‚ on the edges I ˆ BJ2 we have the families on pZ1 > Z1q > Z2 and Z2 > Z1 given by fixing
the data on Z2 and using the family pl1, s1q on the Z1 components.
We can extend this family on BpI ˆ J2q to the product as a family pl2, s2q so that the moduli
spaces are regular using Proposition 1. The higher families pln, snq are defined inductively is
an analogous way. The maps hn are then defined by taking fibered products with the moduli
spaces of Zn parametrized by qn, after restricting to the suitable subcomplex on which it is
defined. The map induced in homology by f1 is just the map induced by the cobordism, so
the result follows. 
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Figure 9. The hypersurfaces in the cobordism X with two balls removed.
Remark 3. We have only discussed the from version of the theory, but it is clear that the
same construction leads to higher compositions (defined only on a subcomplex such that the
inclusion is a quasi-isomorphism)
mˇn : Cˇ
‚pY q b Cˆ‚pS3q Ñ Cˇ‚pY q
m¯n : C¯
‚pY q b Cˆ‚pS3q Ñ C¯‚pY q
satisfying the A8-relations. Furthermore the usual maps i˚, j˚ and p˚ are the first component
of A8-morphisms tinu, tjnu and tpnu. The higher morphisms are obtained by considering
the moduli spaces on the cobordism Wn parametrized by our data, via the analogue of the
formulas defining the usual maps (which are the case W0, i.e. the product I ˆ Y ). Here, to
define the map mˇn it is essential that there are no irreducible solutions.
Finally we discuss functoriality under a cobordism between based three manifolds Y0, Y1
with the respective embeddings of three balls ιU0 and ι
U
1 . Suppose we are given a cobordism
X between them, which is also equipped with a proper embedding ι of I ˆB3 that restrictics
to ιUi on the boundary of I. Using this additional data we can define (referring to a model
independent of Y ) the hypersurfaces on the cobordism with n balls removed as in Figure 9:
n of these are canonically identified with Y0 (using the given embedding) and n with Y1.
Again we can define a family of metrics and perturbations parametrized by the associa-
hedron Kn inductively, and by taking fibered products the maps (define on some suitable
subcomplex whose inclusion induces a quasi-isomorphism)
mˆpXqn : Cˆ‚pY0, nq Ñ Cˆ‚pY1q
which satisfy the relations of an A8-morphism of A8-modules over Cˆ‚pS3q.
5. The connected sum formula
In this section we discuss the main result of the paper, Theorem 2. We start by defining the
suitable version of the A8-tensor product that will be used. This is based on the construction
we have discussed in Section 1, which has to be adapted to deal with transversality issues.
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Given two three manifolds Y0, Y1 equipped with self-conjugate spin
c structures s0 and s1,
fix data D0 and D1 so that the higher compositions are defined and the data on Zn agrees
for every n. Define the subcomplex
Cˆ‚pY0, Y1, nq Ă Cˆ‚pY0q b CˆpS3qbn b Cˆ‚pY1q
generated by elements σ0bτ1b¨ ¨ ¨bτnbσ1 so that on which proper substring the corresponding
higher composition is well defined. Of course the inclusion is a quasi-isomorphism. We define
the chain complex CˆpY1q
´
CˆpY2q
¯opp
to be the vector space
8à
n“0
Cˆ‚pY0, Y1, nq
equipped with the differential
Bpσ0 b τ1 b ¨ ¨ ¨ τn b σ2q “
nÿ
i“0
mi`1pσ0 b τ1 b ¨ ¨ ¨ τi´1q b τi b ¨ ¨ ¨ b τn b σ1
“
nÿ
k“1
n`1´lÿ
l“1
σ0 b τ1 b ¨ ¨ ¨ b µlpτk b ¨ ¨ ¨ b τk`l´1q b bτn b τ1
“
nÿ
i“0
σ0 b τ1 b ¨ ¨ ¨ bmoppi`1pτn´i`1 b ¨ ¨ ¨ b τn b σ1q.
The algebraic results in Section 1 hold with the same proofs for this modified version of the
tensor product.
Given two objects in the based surgery precategory we now construct a chain map
Ψ : Cˆ‚pY1q
´
Cˆ‚pY2q
¯opp Ñ Cˆ‚pY1#Y2q.
Again this will be defined on a subcomplex such that the inclusion induces a quasi-isomorphism.
Consider the cobordism X# described in Section 2 by attaching a 1-handle to I ˆ pY1 > Y2q.
Fix regular metrics and perturbations on it coinciding with the given ones on the incoming
ends. We also consider the cobordism X#n obtained by removing n standard balls from the
attached 1-handle.
Following the scheme of the previous sections, we define a family of metrics and pertur-
bations on X#n parametrized by the associahedron Kn`1 inductively as follows. For n “ 0
we have already defined the data on W#. Inductively, the cobordism X#n contains a set of
hypersurfaces dividing it into cobordisms on which the data has already been defined, see
Figure 10. These can be constructed with a canonical identification with Y0, Y1 and S
3 using
the same approach of Section 2. In particular, we have defined the data on the boundary
of Kn`1, and we can extend it so that near each face it corresponds to stretching along the
corresponding hypersurface.
We define the map
Ψn : Cˆ
‚pY0, Y1, nq Ñ Cˆ‚pY0#Y1q.
by taking fibered products with the compactified moduli spaces on pX#n q˚ parametrized by
the family of metrics and pertubations. As usual we restrict to the subcomplex generated by
the products of chains which are transverse to all the moduli spaces.
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Y1Y0
Y0#Y1
Figure 10. The separating hypersurfaces in the cobordism X#2 .
It is straightforward to check at this point that Ψ is actually a chain map, and our goal is
to prove that this map is a quasi-isomorphism. To show this will take the approach outlined
in Section 2. In particular, for a fixed self-conjugate spinc structure s0 on a three manifold
pZ, U , #q, we have two functors
FpY q “ H˚
´
Cˆ‚pY q Cˆ‚pZ, s0qopp
¯
GpY q “ à
rs|Z s“s0
xHS ‚pY#Z, rssq.
Here on the Y summand we sum over all spinc structures (even not self-conjugate ones), while
we consider only the given on Z. It is straightforward to check that the construction above is
compatible with these restrictions. The map Ψ defined above determines for each Y a map
ΨpY q : FpY q Ñ GpY q.
The main result of the paper, Theorem 2, follows if we can show that the two conditions in
Theorem 4 hold. The first one is straightforward.
Proposition 3. The map ΨpS3q is an isomorphism.
Proof. As xHS ‚pS3q isR, the Eilenberg-Moore spectral sequence associated to Cˆ‚pY qCˆ‚pZ, s0qopp
from Lemma 1 collapses at the second page, and we have that the final result is the zero filtra-
tion group RbR xHS ‚pZ, s0q. In particular each homology class is represented by an element
of the form 1b x. As the map induced in homology by Ψ0 is just the module multiplication,
this element is mapped to x, and the result follows. 
The second condition requires more work, and we first briefly recall how the exact triangles
in Pinp2q-monopole Floer homology are constructed (see [Lin15b] for more details). Let Y1, Y2
and Y3 a surgery triple. Of the three surgery cobordisms Wi from Yi to Yi`1 exactly one is
not spin, let us assume without loss of generality that it is W3. Denote by pCi, Biq the from
Pinp2q-monopole Floer complex of Yi, and let tf inunPN be the family induced by Wi, so that
in particular f i1 is the usual map induced by the cobordism. Then the composition f
2
1 ˝ f11 is
nullhomotopic by a nullhomotopy h obtained by looking at a one parameter family of metrics
on the composite W2 ˝W1, see Figure 11. The key point is that the composite is the blow up
of a non-spin cobordism (indeed, W¯3), and in fact the analogous statement is false (in general)
for the other two composites. This is because when stretching the blow-up to infinity there
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Y3
Y2
Y1
S3
Figure 11. The composite W2 ˝W1 contains a separating hypersurface dif-
feomorphic to S3. Indeed it is diffeomorphic to the blowup of W¯3.
are no self-conjugate spinc structures involved so we can use Morse perturbations on S3 and
the contributions of the moduli spaces on CP 2 cancel in pairs.
We can form the mapping cone Mf11 whose underlying space is C2 ‘ C1 with differential
B “
ˆB2 f11
0 B1.
˙
This fits in an exact triangle
H˚pC2q H˚pMf11 q
H˚pC1q
i˚
pf11 q˚ p˚
We can also form the iterated mapping cone C whose underlying vector space is C3‘C2‘C1
and has differential
B “
¨˝B3 f21 h
0 B2 f11
0 0 B1.
‚˛
This is a differential because h is a nullhomotopy of f21 ˝f11 . The key result of [Lin15b] is that
this chain complex is acyclic, so that the connecting homomorphism
δ˚ : HpMf11 q Ñ HpC3q
is an isomorphism, and we obtain the triangle
H˚pC2q H˚pC3q
H˚pC1q
pf21 q˚
pf11 q˚ p˚ ˝ δ´1˚
To show that the iterated mapping cone is acyclic, we define a map G defined blockwise whose
bottom left entry is f13 , the lower diagonal terms are the analogues of the homotopy h for
the other two composites, and the diagonal terms are obtained by counting solutions on the
triple composites parametrized by a pentagon of metrics. We then show that the chain map
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S3
Y3
Y1
Y2
Y2
Figure 12. The five hypersurfaces defining the family of metrics and pertur-
bations of the composition W2 ˝W1 with a ball removed.
B ˝G`G ˝ B (which is of course also nullhomotopic) is a quasi-isomorphism.
The homotopy h described above can be enhanced to an actual A8 nullhomotopy thiu for
the A8-composition f21 ˝f11 . For example the higher homotopy h2 is obtained by constructing
a family of data parametrized by the associahedron K4 by stretching along the hypersurfaces
shown in Figure 12. Again in the definition of these we use the extra data encoded in the
morphisms of the based surgery precategory. Taking fibered products with the parametrized
moduli spaces induces map on a subcomplex whose inclusion is a quasi-isomorphism. The
main observation is that the stratum corresponding to S3 being stretched to infinity does
not contribute because the moduli spaces on CP 2 with a ball removed cancel in pairs (again
because W3 is not spin). The other four strata of BK4 correspond to the sum
h1pm2px, rqq `m2ph1pxq, rq ` f22 pf11 pxq, rq ` f21 pf12 px, rqq,
so h2 provides a nullhomotopy of this map.
The next is the last thing to check in order to prove Theorem 2.
Proposition 4. The functors F and G are Floer functors and Ψ is a natural transformation
between them.
Proof. It is clear that G is a Floer functor, as it follows from the standard surgery exact
triangle by restricting to a fixed self-conjugate spinc structure on Z. To show that F is also
a Floer functor we adopt the same approach as the proof of exactness of the surgery exact
triangle. We will denote for Cˆ‚pZ, s0qopp by N and treat our objects as actual A8-algebras
and modules for simplicity of notation. The mapping cone of the chain map f11 has a natural
A8-module structure given by
mn ppx1,x2q, r1, ¨ ¨ ¨ , rn´1q “
`
mnpx1, r1, . . . , rn´1q, f1npx1, r1, . . . , rn´1q `mnpx2, r1, . . . , rn´1q
˘
There is a natural identification between the chain complexes Mpf11N q and Mf1 N . Simi-
larly the composition of the maps f2  1N and f1  1N is nullhomotopic, the nullhomotopy
given by h 1N . Hence we can form the iterated mapping cone, which can also be identified
with C N , where we consider the natural A8-structure on C. Now the same construction
outlined above shows that this tensor product is acyclic, so that the connecting homomor-
phism
H˚pMf11N q Ñ H˚pC3 Nq
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Y1#Z
Y2
Y1 Z
Z
Y1#Z
Y2
Y1
Figure 13. The hypersurfaces on the composite pW1#I ˆ Zq ˝ X#n . The
cobordism W1#I ˆ Z is the upper half in the pictures.
is an isomorphism. Hence we get an exact triangle between the Floer groups
H˚pC2 Nq H˚pC3 Nq
H˚pC1 Nq
pf2  1N q˚
pf1  1N q˚ p˚ ˝ δ´1˚
It is customary to show that the construction is well defined (i.e. independent of the additional
choices in a canonical way) so that F is a Floer functor.
We need now to show that the map Ψ is a natural transformation. Consider the diagram
Cˆ‚pY1#Zq Cˆ‚pY2#Zq
C1 N C2 N
F 1
ΨpY1q
f1  1N
ΨpY2q
where the top map is the one induced by the cobordism X#1 #pIˆZq (recall the the connected
sum is performed away from the knot on which we do surgery). Here we use the embeddings
ι# and # to perform the connected sum. This diagram commutes up to a homotopy K that
we now describe, so that the maps induced in homology commute. The map
kn : C1 b Cˆ‚pS3q bN
is defined by looking at moduli spaces parametrized by a family of metrics and perturbations
on the cobordism pW1#I ˆ Zq ˝X# with n ´ 1 open balls removed, see Figure 13 for when
n is 1. The first case on the right defines a map k1 satisfying
Bk1px, zq ` k1pBx, zq ` k1px, Bzq “ F 1pΨpY1qpx, zqq `ΨpY2qpf11 pxq, zq,
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i.e. it is a homotopy among the composition of the chain maps. Similarly the figure on the
right gives rise to the relation
Bk2px, r, zq “ k2pBx, r, zq ` k2px, Br, zq ` k2px, r, Bzq
` k1pm2px, rq, zq ` k1px,m2pr, zqq
`ΨpY2qpf11 pxq, r,yq `ΨpY2qpf12 px, rq, zq ` F 1pΨ1pY1qpx, r, zqq.
Notice that the first two lines involve the differential of xb rbz in the chain complex so that
we have a chain homotopy between the two composites.
Using this map we can we can construct the chain map
ConepΨq : Conepf1  1N q Ñ ConepF 1q
ConepΨq “
ˆ
ΨpY2q K
0 ΨpY1q
˙
.
The map induced in homology is independent of the choices made, and it commutes with the
others in the mapping cone exact triangles. This again follows because our construction are
performed using the extra data provided by the morphisms in the based surgery precategory
and the space of metrics and perturbations is contractible.
¨ ¨ ¨ GpY2q H˚pConepF 1qq GpY1q ¨ ¨ ¨
¨ ¨ ¨ FpY2q H˚pConepf1  1N qq FpY1q ¨ ¨ ¨
pF 1q˚ pF 1q˚
ΨpY1qConepΨqΨpY2q
pf1q˚ pf1q˚
The same identical construction applies to the iterated mapping cones of the maps. In par-
ticular this shows that the connecting homomorphisms form commutative diagram
H˚pConepF 1qq GpY3q
H˚pConepf1  1N qq FpY3q
∆˚
ConepΨq
δ˚
ΨpY3q
so that Ψ is a natural transformation. 
6. The Eilenberg-Moore spectral sequence and Massey products
In this section we discuss some basic properties of the Eilenberg-Moore spectral sequence
described in Corollary 1. This arises from Theorem 2 by taking the natural filtration in the
A8-tensor product, see Lemma 1. Our goal is to describe the higher differentials and the
module structure terms of Massey (bi)products. This fact should not be surprising and in
fact it has already interesting application in classic topics in algebraic topology (see [McC01]).
Before doing so, we quickly discuss the proof of Corollary 2.
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Proof of Corollary 2. This readily follows by identifying the map
mˆpX#q : Cˆ‚pY1q b Cˆ‚pY2q Ñ Cˆ‚pY1#Y2q
under the isomorphism of Theorem 2 as the inclusion in the A8-tensor product CˆpY1q ´
CˆpY2q
¯opp
, and looking at the induced map on the associated spectral sequence. From this
the inequalities for the correction terms in the case of homologies spheres readily follows
because the maps in the bar flavor
HS pW#q : HS ‚pY1q bHS ‚pY2q Ñ HS ‚pY1#Y2q
is identified (after a grading shift) with the multiplication in the ring R. 
For simplicity, we will focus on the differentials d2 and d3 which are the ones that will arise
in our explicit computations. The general case is analogous. From this perspective, it is good
to consider the E2-page of the Eilenberg-Moore spectral sequence as the homology of the bar
resolution of the two modules, see Section 1.
Proposition 5. Suppose we are given an element in the E2 page which has a representative
of the form xb r1 b ¨ ¨ ¨ b rn b y so that the triple Massey products of any three consecutive
terms is defined (i.e. all products of consecutive terms vanish). Then we have
d2prxb r1 b ¨ ¨ ¨ b rn b ysq “ rxx, r1, r2y b r3 b ¨ ¨ ¨ rn b y “
`
n´2ÿ
i“1
xb r1 b ¨ ¨ ¨ b xri, ri`1, ri`2y b ¨ ¨ ¨ b y “
` xb r1 b ¨ ¨ ¨ b xrn´1, rn,yys.
Similarly, if the fourfold Massey products of any four consecutive elements is defined, then
the element survives to the E3 page and we have
d3prxb r1 b ¨ ¨ ¨ b rn b ysq “ xx, r1, r2, r3y b r4 b ¨ ¨ ¨ rn b y`
`
n´3ÿ
i“1
xb r1 b ¨ ¨ ¨ b xri, ri`1, ri`2, ri`3y b ¨ ¨ ¨ b y
` xb r1 b ¨ ¨ ¨ b xrn´2, rn´1, rn,yy.
Notice that the image of the differential is not necessarily a well defined homology class
itself. Indeed, the statement of the result includes implicitly the fact that this element is well
defined in the respectively E2 or E3 page of the spectral sequence.
Proof. We discuss the proof in the first statement in the case n “ 2, as the other ones are
more complicated only from a notational point of view. This is analogous to the standard
staircase argument for the spectral sequence of a double complex, see for example Lemma
8.30 in [McC01]. Consider a chain representative xbr1br2by, so that in particular x, r1, r2
and y are cycles. As consecutive products are zero in homology, there exist classes s1, s2, s3
so that
B0s1 “ m2px, r1q, B0s2 “ µ2pr1, r2q, B0s3 “ m2pr2,yq.
Consider the chain
c “ xb r1 b r2 b y ` s1 b r2 b y ` xb s2 b y ` xb r1 b s3,
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Figure 14. The separating hypersurfaces in the cobordism W2,1. These cor-
respond to the faces of the associahedron parametrizing the data used to define
the composition m2,1.
This defines the same class in the E2-page and has total boundary
Bc “ pµ2ps1, r2q `m2px, s2q `m3px, r1, r2qq b y
` xb pm2ps2,yq ` µ2pr1, s3q `m3pr1, r2,yqq ` B0ps1 b s3q
The result then follows by tracking the definition of the differential in the E2 page of the
spectral sequence. 
We now discuss the module structure. To be concise, we will treat our objects as if they
were genuine A8-bimodules, so forgetting about transversality issues. These can be dealt
with as in the previous sections. We have the following result.
Proposition 6. For an admissible choice of data, for each i, j ě 1 there are compositions
mi,j : Cˆ
‚pS3qbi´1 b Cˆ‚pY q b Cˆ‚pS3qbj´1
making Cˆ‚pY q into an A8-bimodule. This structure is well defined up to A8-equivalence.
Furthermore, the isomorphism Ψ of Theorem 2 is an isomorphism of A8-bimodules.
Proof. Consider the cobordism Wi,j obtained by removing i` j´ 1 open balls, i´ 1 of which
we consider on the left and j ´ 1 on the right. The compositions mij are defined by taking
fibered products with the moduli spaces parametrized by associahedra whose faces correspond
to separating hypersurfaces, see Figure 14. 
As a particular case we can consider the structure of R-module induced in homology. A
class rrs P R induces a filtration preserving chain map
Ψprq : Cˆ‚pY1q Cˆ‚pY2q Ñ Cˆ‚pY1q Cˆ‚pY2q
given by
xb r1 b ¨ ¨ ¨ b rn b y ÞÑ
nÿ
i“1
m1,n`1pr,x, r1, ¨ ¨ ¨ , riq b ri`1 b ¨ ¨ ¨ b y,
so we can try to understand the module structure by means of the Eilenberg-Moore spectral
sequence. An immediate result is that the filtration on xHS ‚pY1#Y2q is a filtration of R-
submodules. On the other hand, by taking the associated graded module much information
about the R-module structure is lost. A way to recover it is by means of the following result,
which is proved in the same way as Proposition 5. We state the simplest cases that will be
useful in our computations, but the statement is not hard to generalize.
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Lemma 3. Suppose that an element in the E8 page is represented by xb r1 b y. If all the
products of consecutive elements in the list r,x, r1,y are zero, then the action of r on it is
given by xr,x, r1y b y.
7. An explicit computation
We consider the Brieskorn homology sphere Y “ Σp2, 3, 11q. From [Lin15b] that we have
that the isomorphism of graded R-modules
x
HS ‚pY q “ V`2 ‘ V`1 ‘ V`4 “ S`2,0,0
where the action of Q is a surjection from the first tower onto the second and from the second
tower onto the third. In particular the Manolescu correction terms are 2, 0, 0.
Proposition 7. We have the isomorphism of graded R-modules
x
HS ‚p2Y q “ pV`2 ‘ V`5 ‘ V`4 q ‘ F2x3y
where the action of Q is a surjection from the first tower to the second and from the second
tower to the third. Furthermore the Q action from the last summand to the first tower is not
trivial. In particular the Manolescu’s correction terms are 2, 2, 0.
Proof. We have that xHS ‚pY q “ Nx1y where N is the R-module we discussed in Example 1.
Similarly, we know that yHM ‚pY q “ FrrU ssx1y ‘ Fx1y.
The usual connect sum formula in Theorem 5 implies then that
yHM ‚p2Y q “ FrrU ssx3y ‘ F3x3y ‘ Fx2y.
It follows by looking at the Gysin exact sequence (see the last Section of [Lin15b] for the
details) that there are only two possibilities for xHS ‚p2Y q, namely
pFrrV ssx´1y ‘ FrrV ssx2y ‘ FrrV ssx1yq ‘ F2x3y,
where the action of Q sends the first tower to the second and from the second to the third, or
Rx3y ‘ F2x3y ‘ Fx2y.
We claim that xHS 3p2Y q has rank two so that the first case holds. The main result follows then
by Poincare´ duality (the additional Q action follows by applying the Gysin exact sequence).
To prove the claim, we look at the E2-page of the Eilenberg-Moore spectral sequence. We
already described a simple two periodic projective resolution of Nx1y. By tensoring it over
R with Nx1y itself and taking homology we can identify TorRpNx1y, Nx1yq to be as follows
in bidegrees near p0, 3q.
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F ¨ ¨ ¨ ¨ ¨
¨ F ¨ ¨ ¨ ¨
F2 ¨ ¨ ¨ ¨ ¨
¨ ¨ F ¨ ¨ ¨
F F ¨ F ¨ ¨
F ¨ F ¨ ¨ ¨
F ¨ ¨ ¨ F ¨
¨ ¨ ¨ F ¨ F
F ¨ ¨ ¨ F ¨
F ¨ ¨ ¨ ¨ ¨
F ¨ ¨ ¨ ¨ F
Here the top left element has bidegree p0, 3q, and up to grading shift all the remaining group,
except the first column, is isomorphic to the corresponding page of TorRpF,Fq in Example
2. On the other hand, we know from general facts that the first column can be identified as
N bR Nx3y, so it can be identified as a R-module with
pFrrV ssx´1y ‘ FrrV ssx´2y ‘ FrrV ssx1yq ‘ Fx3y ‘ Fx1y,
where the Q action is an isomorphism from the first tower to the second and is injective from
the second to the third. Notice that the disposition of the non trivial groups implies that the
F summands in bidegree p0, 3q and p2, 1q are not involved in differentials, so that they survive
till the E8 page. They are the only non trivial groups in their antidiagonal, so that the rank
of xHS 3p2Y q is 2 and the result follows. 
Unlike the case of 2Y , in the case of 3Y the Manolescu’s invariants can be computed by
means of the Gysin exact sequence (even though the group itself cannot be), and in particular
they are 4, 2, 2. This follows from the fact thatyHM ‚p3Y q “ FrrU ssx5y ‘ F7x5y ‘ F5x4y ‘ Fx3y,
and the fact that in this case the parity is right to imply that there is an element in the top
grading in the tower. These computations are sufficient to prove Theorem 3.
Proof of Theorem 3. Suppose ε “ aα ` bβ ` cγ is a linear combination that defines a ho-
momorphism. By εp´Y q “ ´εpY q and evaluating is some basic examples (see [Lin15b]) we
obtain that a “ c. Applying then εp2Y q “ 2εpY q we have then that also a “ b. The fact that
apα` β ` γq is not an homomorphism then follows from the fact that εp3Y q ‰ 3εpY q. 
As we knot the group the spectral sequence converges to, we can tell that there has to be
some differentials. Recall that dn has bidegree p´n´ 1, nq. In particular:
‚ of the two F summands at p2, 0q and p3,´1q exactly one cancels with a generator of the
F2 at p0, 1q. This follows from the fact that both xHS 2p2Y q and xHS 1p2Y q have rank one.
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‚ the other groups in the first column are not involved by the differentials because their
image in the E8 corresponds to the image of the map
mˆpX#q : xHS ‚pY q b xHS ‚pY q Ñ xHS ‚p2Y q,
as in Corollary 2. In particular we have that in the (infinitely many) configurations of
four groups
F ¨ ¨ ¨ ¨
¨ F ¨ ¨ ¨
¨ ¨ ¨ F ¨
¨ ¨ ¨ ¨ F
the two upmost cancel with the two bottommost.
To determine the actual differentials, we need the following result.
Lemma 4. Let Y be a homology sphere, and fix an identification of R-modules of HS ‚pY q
with FrV ´1, V ssrQs{pQ3q. Then the for each i P Z and j, k P N the triple Massey products
xQ2V i, Q2V j , QV ky, xQ2V i, QV j , Q2V ky, xQV i, Q2V j , Q2V ky
are well defined in HS ‚pY q and zero.
Notice that for degree reasons the triple Massey product is either zero or the element
V i`j`k`1.
Proof. The heuristic behind the result is that for the first product we can factor the first
element into QV i ¨ Q and use the A8-relations to write it as a sum of terms which vanish.
For simplicity we will assume i, j, k to be zero, as the proof will be the same in general. We
only have to deal with reducible solutions. Fix cycles r1, r2, r3, r4 representing the classes Q,
Q, Q2 and Q. Notice that the cycles µ2pr2, r3q and µ2pr3, r4q are automatically zero at the
chain level because in our definition of the Morse-Bott chain complex we are quotienting out
by small chains, see the quick review in [Lin15b]. Hence, fixing a chain s1 so that
Bs1 “ pm2pr1, r2q, r3q,
the triple Massey product is the class of
m3pm2pr1, r2q, r3, r4q `m2ps1, r4q.
Using the A8 relations 4 and the fact that the products involved vanish at the chain level we
see that this cycle is cobordant to
m2 ppm3pr1, r2, r3q ` s1q, r4q `m2 pr1, µ3pr2, r3, r4qq .
The expression m3pr1, r2, r3q ` s1 is a cycle and defines the zero class in homology for di-
mensional reasons. Similarly µ3pr2, r3, r4q defines the triple Massey product xQ,Q2, Qy so it
vanishes because the group is trivial in that dimension.
The rest of the result follows in a similar way. One shows for example that
xQ2V i, QV j , Q2V ky “ xQ2V i, Q2V j , QV ky,
hence is zero. 
From this we can easily determine the differentials.
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Proposition 8. In the spectral sequence of Proposition 7, the differential d2 on the E
2 page
vanishes, and the spectral sequence collapses at the E4 page.
Proof. We can fix the identification in Lemma 4 so that the element in xHS ‚pY q of top degree
is mapped to Q2, and denote each element by its image under p˚. It is the straighforward to
check that the element Q2bQ2bQbQ2 is a generator of the F summand of bidegree p2, 0q.
The triple Massey products of consecutive terms vanish because of Lemma 4 and functoriality
(the map p˚ is a morphism of A8-modules, see Remark 3), so by Lemma 5 the differential d2
is zero. More in general, the F summand in position p2` 2n, 3nq is generated by
Q2 b pQ2 bQqbn bQ2
so again its differential d2 is zero by Lemma 5 and the fact that xQ,Q2, Qy vanishes for
dimensional reasons. This implies that the differential d3 is non zero on both the bottom
groups in the configuration described above. 
Proof of Corollary 3. A non vanishing Massey product is xQ2, Q,Q2, Qy(which is V ). This
follows from the fact that the F summand of bidegree p3,´1q is generated byQbQbQ2bQbQ.
It follows from Lemma 5 that d3 of this class is
xQ2, Q,Q2, Qy bQ2 `Q2 b xQ,Q2, Q,Q2y.
As this has to be non zero, the fourfold Massey product xQ2, Q,Q2, Qy (which is well defined
as an actual homology class) is non zero, hence the product xQ2, Q,Q2, Qy is V in HS ‚pY q by
functoriality. On the other hand the computation of this only relies on reducible solutions,
so the same result holds for S3. 
We conclude by discussing the R-module structure. We know that the element Q2 bQ2 b
QbQ2 is a generator of the bottom element of the middle tower, so the action of Q and V on
it are the respectively the generators of the F summands in bidegree p0, 1q and p0,´2q. This
are respectively given by rV bQ2s “ rQ2 b V s and rV bQV s “ rQV b V s.
The action of Q readily follows from Lemma 3 and the non vanishing of the Massey p2, 3q-
byproduct xQ,Q2, Q,Q2y. The last fact follows by functoriality from the non-vanishing of
µ4pQ,Q2, Q,Q2q, as when dealing uniquely with reducibles we can identify the moduli spaces
involved in the construction.
For action of V we cannot rely on Lemma 3 or its generalizations as the class V has non-
zero product with Q2. On the other hand we can understand the action in a similar way. On
the E1-page the action of V sends Q2 bQ2 bQbQ2 to Q2V bQ2 bQbQ2. This element
is d1 of QV b Q b Q2 b Q b Q2. As the triple Massey products of each consecutive triple
genuinely vanishes, the same staircase argument of Lemma 5 lets us identify the action of
V on the class we started with with d4 of this class, which is given by QV b xQ,Q2, Q,Q2y,
hence the result.
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